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Introduction 



Nous renvoyons a I'expose de Keller [Kel06b| pour une presentation et motivation de la plupart des 
concepts mathematiques qui interviennent dans cette these. Nous proposons plusieurs contributions 
originales a I'etude : 

- des dg-categories et de leurs invariants, 

- des categories triangulees (algebriques) bien engendrees au sens de Neeman et 

- de Tapproche des algebres 'cluster' au sens de Fomin-Zelevinsky par la theorie des representations. 

Cette these correspond aux articles |Tab05bj [Tab06| |Tab05aj [Tab07| [Tabc] fKbb] [Taba] et a un 
appendice, oil une preuve simple et purement homotopique d'un theoreme dii a Drinfeld est presentee. 
Dans le resume suivant, nous presentons les resultats principaux de cette these d'une fagon plus detaillee. 

DG-categories 

Les categories difFerentielles graduees (=dg-categories) 'enrichissent' notre comprehension des categories 
triangulees qui apparaissent naturellement en algebre et geometric. 

L'idee d'utiliser les dg-categories pour 'enrichir' les categories triangulees remonte aux travaux de 
Bondal-Kapranov |BK90| . Leur motivation principale etait I'etude des collections exceptionnelles de 
faisceaux coherents sur les varietes projectives. Elles out ete utilisees aussi par Keller [Kel94j dans I'etude 
de la theorie de Morita derivee et de la dualite de Koszul. 

Actuellement, les dg-categories sont considerees comme des schemas non-commutatifs par Drin- 
feld |Dri02j |Dri04| et Kontsevich [KonQS, tKon04j dans leur programme de geometric algebrique non- 
commutative. 

L'une des operations importantes qu'on pent realiser dans les categories triangulees est le passage au 
quotient. Cette operation de quotient a ete relevee au monde de dg-categories par Keller dans [Kel94| et 
recemment par Drinfeld dans |Dri04j . 

Chapitre 1 

Dans le but de reinterpreter la construction du dg-quotient de Drinfeld d'un point de vue purement 
homotopique afin de mieux comprendre sa propriete universelle, on construit une structure de categoric 
de modeles de Quillcn sur la categoric des petites categories differentielles graduees dgcat. Rappelons 
qu'un dg-foncteur _F : C — > P est une quasi- equivalence si : 

- pour tous objets Ci et C2 dans C, le morphisme de complexes de Homc(ci, C2) vers Hom-p(F(ci), -F(c2)) 
est un quasi-isomorphisme et 

- le foncteur H°(F) de H°(C) vers H°(X') est essentiellement surjectif. 
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Theoreme 0.1 (jl.Sp . La categoric dgcat admet une structure de categoric de modelcs de Quillcn d 
engendrement cofibrant dont les equivalences faibles sont les quasi- equivalences. Les fibrations sont les 
dg-foncteurs F : A ^ B qui induisent des surjections de complexes Homj({X,Y) — > Homi3{F{X), F{Y)) 
pour tous X, Y dans A et tels que pour tout objet X ^ A et tout morphisme v G Homi3{F{X), Z) qui 
devient un isomorphisme dans H''(;B), il existe un morphisme u G Hom^(X, 1") tel que Fiu) — v et qui 
devient un isomorphisme dans H*'(^). 

Remarque 0.2. Notre construction est inspires par des arguments dans [Rez| et par la construction du dg- 
quotient donnee par Drinfeld dans |Dri04j . La clef pour cette construction est une certaine dg-categorie 
K. definic par Drinfeld dans |Dri04t 3.7.1] et qui est due a Kontsevich. Conceptuellement, elle joue le 
meme role dans dgcat que I'intervalle dans la categoric des espaces topologiques. 

Remarque 0.3. Dans I'appendicc, on donnc une preuve simple et purement homotopique de la propriete 
universelle du dg-quotient de Drinfeld Dri04 , qui est basee seulement sur le theoreme 10. II 

Rappelons maintenant quelques resultats du travail fondamental de Toen |Toe07j . rendus possibles 
par le theoreme 10. II 

On note Heq la localisation de dgcat par rapport a la classe des quasi-equivalences. Les morphismes 
dans la localisation (de Dwyer-Kan [DK80| ) sont decrits de la fagon suivante: soient ^ et ;B deux dg- 
categories. Si necessaire, on peut remplacer A par une dg-categorie quasi-equivalente de fagon que A soit 
fc-plate, c'est-a-dire le foncteur A{X, preserve les quasi-isomorphismes pour tous X.Y dans A (par 

exemple, on peut prendre une resolution cofibrante de A). Soit rep(^, i3) la sous categoric pleine de la 
categoric derivee V(A°^ ® B) des ^-B-bimodulcs formee des bimodules X tels que le foncteur produit 
tensoriel derive 

I^aX : V{A) V{B) 

envoie les ^-modules representables vers des objets qui sont isomorphes dans 2?(B) a des ;B-modules 
representables. D'une fagon equivalente, on demande que X{7,A) soit isomorphe dans ^^{B) a un B- 
module representable pour tout objet A dans A. 

Theoreme 0.4 (^ Toe07| ). Les morphismes de A vers B dans Heq sont en bijection naturelle avec les 
classes d'isomorphisme de la categoric rep(A,B). 

Maintenant, soit TZ{A,B) la categoric qui a les memes objets que rep(^, i3) et dont les morphismes 
sont les quasi-isomorphismes de dg-bimodules. La categoric TZ{A,B) est done une sous categorie non 
pleine de la categorie des dg-bimodules C{A°^ (8> B). 

Theoreme 0.5 ( |Toe07j ). II existe une equivalence faible canonique d'ensembles simpliciaux entre 
Mbp{A,B) et le nerf de la categorie TZ{A,B). 

Theoreme 0.6 ( |Toe07] ). La categorie monoi'dale (Heq, — — ) admet un foncteur Horn-interne 
7^Hom(— , — ). Pour deux dg-categories A et B, telles que A est k-plate, la dg-categorie 7^Hom(^, i3) est 
isomorphe dans Heq a la dg-categorie rep^g{ATB), c'est-d-dire la sous categorie pleine de la dg-categorie 
des A-B -bimodules, dont les objets sont ceux de r&p{A,B) qui sont en plus cofibrants comme bimodules. 

Chapitre 2 

On remarque que tous les invariants fonctoriels classiques comme la i^T-theorie algebrique, I'homologie de 
Hochschild, I'homologie cyclique, . . . se prolongent naturellement des fc-algebres vers les dg-categories. 
D'une fagon analogue au cas des fc-algebres ordinaires, ces invariants sont preserves par les equivalences 
de Morita derivees. Cela conduit au probleme de donner une description explicite de la 'categoric 
d'homotopie de Morita', c'est-a-dire la localisation de dgcat par rapport aux equivalences de Morita 
derivees, puisque tous ces invariants descendent a cette categorie. 
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On resout ce probleme en utilisant le formalisme d'algebre homotopiquc do Quillen. En cffct, on 
construit unc structure de categorie de modeles de Quillen sur dgcat, dont Ics equivalences faibles sont 
les dg-foncteurs de Morita, c'est-a-dire les dg-foncteurs F : A ^ B qui induisent une equivalence T>{B) — > 
'D{A) entre categories derivees. 

Theoreme 0.7 (j2.27p . La categorie dgcat admet une structure de categorie de modeles de Quillen a en- 
gendrement cofihrant, dont les equivalences faibles sont les dg-foncteurs de Morita et dont les cofibrations 
sont les mimes que celles du theoreme \0.1\ 

Remarque 0.8. Notre structure a ete construite a partir de celle du theoreme 10.11 en deux etapes. (On 
remarque qu'une quasi-equivalence est un dg-functor de Morita). 

Premierement, on a construit une structure de categorie de modeles de Quillen intermediaire, dont 
les equivalences faibles sont les dg-foncteurs quasi-equiconiques, voir section 12.31 Dans cette etape, on 
s'est inspire de la construction de Bondal-Kapranov de I'envelope pre-triangulee d'une dg-categorie, voir 
[BK90] . 

Dans une deuxieme etape, on a releve la construction de la Karoubianisation d'une categorie trian- 
gulee, voir [BS01| . au monde des dg-categories en utilisant des facteurs directs a homotopie pres. Cela 
nous a permis de controler les objets compacts de la categorie derivee d'une dg-categorie. 

On designe par Hmo la localisation de dgcat par rapport aux dg-foncteurs de Morita. Dans Hmo, les 
equivalences derivees au sens de Rickard- Keller ^Ric89j |Ric91j |Kel94| correspondent a des isomorphismes 
et le 'groupe de Picard derive' |RZ03| au sens de Rouquier-Zimmermann y apparait comme un groupe 
d'automorphismes. 

Proposition 0.9 (I2.34[) . Une dg-categorie A est Morita fibrante si est non vide et Vimage essentielle du 
plongement H''(^) ^ T^iA) est stable par suspensions, cones et facteurs directs. 

Proposition 0.10 (12.141 [^755]) . La structure de categorie de modeles de Quillen du theoreme \0. 7| est une 
localisation de Bousfield a gauche de la structure de categorie de modeles de Quillen du theoreme lO.ll 

On note A ^ A/a une resolution Morita fibrante fonctorielle de A. 

Corollaire 0.11 p. 361 I2.37p . Le foncteur A ^ A fib nous fournit un adjoint a droite du foncteur 
quotient Heq Hmo et induit une equivalence entre Hmo et la sous categorie pleine de Heq formee des 
dg-categories Morita fibrantes. 

On designe par rep„jQ^(^, ;B), resp. TZmor{A,B), resp. TZHommor{A, B) les categories rep{A,Bfib), 
resp. TZ{A,Bfib), resp. 7^Hom(^, ;B/ib). 

La corollaire 10.111 nous permet d'etendre les resultats de Toen au cadre des dg-foncteurs de Morita. 
Soient A et B deux dg-categories. 

Corollaire 0.12 ()2.39p . - Les morphismes de A vers B dans Hmo sont en bijection naturelle avec 
les classes d'isomorphime de la categorie rep,^Q^(^, B). 

- On dispose d'une equivalence faible canonique d'ensembles simpliciaux entre Map{A,B) et le nerf 
de la categorie TZmor{A,B). 

L 

- La categorie monoi'dale symetrique (Hmo, — (8) — ) admet un foncteur Hom-interne 7^Hommo,.(— , — ). 

Rappelons que tons les invariants habituels comme la iiT-theorie algebrique, I'homologie de Hochschild, 
I'homologie cyclique, . . . descendent a la categorie Hmo. Ces invariants dependent en fait de moins de 
structure, voir I'exemple lO.lSI Cela motive la construction suivante. 

Soit Hmoo la categorie qui a pour objets les petites dg-categories et telle que HomHmoo (-^j est le 
groupe de Grothendieck de la categorie triangulee repj^^^{A, B) . La composition est induite par celle de 
Hmo. On dispose d'un foncteur canonique Hmo HmoQ. 
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Lemme 0.13 (|2.4ip . La categoric Hmoo est additive et le produit tensoriel — ®^ — de Hmo induit une 
structure monoidale symetrique sur Hmoo. 

Soit maintcnant F : Hmo — > C un foncteur a valeurs dans unc categorie additive C. 

Theoreme 0.14 (j2.43p . Les conditions suivantes sont equivalentes : 

1) Le foncteur F est compose d'un foncteur additif HmoQ —> C et du foncteur canonique Hmo —^ Hmop. 

2) Pourtoutes dg-categories A, B, Videntite F{[X])+F{[Z]) = F{\Y]), est verifiee dans Ylom.c{F {A) , F {B)) 
pour tout triangle X ^ Y ^ Z ^ X [I] de rep„jor(-^7 

3) Pour toute dg- categorie A, le morphisme 

F{A)®F{A) F{T{A)) 

est un isomorphisme dans C. 

4) Pout toute dg-categorie pretriangulee A munie de sous-dg-categories pleines pretriangulees B et C 
qui donnent lieu a une decomposition semi-orthogonale H''(^) = {}i^{B),li^{C)), voir \BLL04^ , le 
morphisme 

F{B) ® F{C) ^ F{A) 
induit par les inclusions est un isomorphisme dans C. 

Remarque 0.15. Toute equivalence derivee, voir [Ric89| . donne un isomorphisme dans Hmo et done dans 
HmoQ. Cependant, il existe d'autres isomorphismes dans Hmoo : si k est un corps algebriquement clos et 
A une fc-algebre (ordinaire) de dimension finie sur k et de dimension globale finie, alors A est isomorphe 
a son plus grand quotient semisimple A/i:ad{A) dans Hmoo (voir |Kel98l 2.5]) mais dans Hmo, A est 
isomorphe a A/Tad{A) seulement si A est semisimple. 

On appelle un foncteur F : Hmo — > C qui satisfait aux conditions du theoreme 10.141 un invariant 
additif. 

Exemple 0.16. - X-theorie Soit A une petite dg-categorie. On definit la iiT-theorie de A comme 
la JsT-theorie de Waldhausen associe a la categorie des dg-modules cofibrants et parfaits dont les 
cofibrations sont les monomorphismes (scindees dans la categorie graduee) et les equivalences faibles 
les quasi-isomorphismes. Cette construction nous fournit un foncteur K de dgcat vers la categorie 
homotopique des spectres (symetriques) . Par des resultats dus a Waldhausen |Wal85j le foncteur 
K est un invariant additif. 

- Homologie de Hochschild, cyclique, . . . Soit A une petite dg-categorie (qu'on pent supposer 
cofibrante). On associe a A son complexe mixte C{A) au sens de Kassel |Kas87j . voir aussi |Kel99| . 
Cela nous fournit un foncteur C de dgcat vers X'(A), ou A est la dg-algebre k[B]/{B'^), avec B de 
degre — 1 et dB = 0. Toutes les variantes de I'homologie cyclique dependent seulement de C{A) 
considere comme un object dans I'(A). Par des resultats dus a Keller |Kel98| [Kel99| . le foncteur 
C est un invariant additif. 

Maintenant on remarque que les theoremes 10.71 et 10. 141 nous fournisscnt une construction explicite de 
'I'invariant additif universel', c'est-a-dire un foncteur 

Ua ■ dgcat Hmoo 

a valeurs dans une categorie additive qui rend inversibles les dg-foncteurs de Morita, transforme les 
decompositions semi-orthogonales au sens de Bondal-Orlov |B0| en sommes directes et qui est universel 
pour ces proprietes. 
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Cette construction a ete reliee recemment a la theorie des motifs par Kontsevich dans [Konl 4] : 

Triangulated categories of the type D{X) where X is a smooth projective variety over a field k belong to 
a larger class of smooth proper triangulated \i-linear dg-categories ( another name is 'saturated categories '), 
see JK3I, \TV^ . We see that the above quotient category of pure motives is a full subcategory of Kq- 
decategorification (with Q coefficients) of the 2-category of smooth proper 'k.-linear dg-categories. This 
construction was descibed recently (without mentioning the relation to motives) in (TabOSal. 

Analogously, if one takes the quotient of the Voevodsky triangulated category of mixed motives by the 
endofunctor Q(l)[2] ® ., the resulting triangulated category seems to be similar to a full subcategory of the 
full decategorification of the 2-category of smooth proper \i-linear dg-categories. 

Un exemple d'un invariant additif est le groupe de Grothendieck Kq. Nous observons que dans Hmoo, 
le foncteur Kq devient corepresentable. Soit k la dg-categorie avec un seul object et dont la dg-algebre 
d'endomorphismes est k. 

Lemme 0.17 (j2.45p . On a un isomorphisme naturel de groupes abeliens 

HomHmoo(fc,C) Ko{C) . 

Ce lemme nous fournit immediatement les caracteres de Chcrn. En cffet, soit n e N ct HC„ le n-ieme 
groupe d'homologie cyclique. Comme HC„ est un foncteur additif, on dispose d'un foncteur 

HC„ : Hmoo -> ModZ. 

Maintenant, a partir de I'isomorphisme 

HC,(fc) ~fc[M], |m| =2, 
et du lemma de Yoneda, on obtient les caracteres de Chern 

c/l2n : Kq HC2n ■ 

Dans une tentative de construction d'une mesure motivique, Bondal-Larsen-Lunts ont introduit dans 
|BLL0 4 un anncau de Grothendieck VT. On remarque que I'anneau VT s'annule si on n'impose pas 
des conditions de finitudc. On le modifie en definissant PT^'^^ comme le groupe abelien engendre par les 
classes de quasi-equivalences [A] de petites dg-categories A Morita-fibrantes qui sont en outre compactes 
et lisses au sens de Kontsevich, voir [Kon04| . soumis aux relations qui provicnncnt des decompositions 
semi-orthogonales au sens de Bondal-Orlov [B0| . On relie VTf^^ a notre construction de la categorie 
Hmoo. 

Soit Ko(HmoQ') I'anneau de Grothendieck de la categorie additive (HmoQ', ©) oii Ton se restreint aux 
dg-categories compactes et lisses, voir (Kon04j 

Proposition 0.18 (I2.49p . On a un morphisme surjectif d'anneaux commutatifs 



Chapitre 3 

Dans ce chapitre en utilisant le formalisme des derivateurs de Grothendieck, on construit 'I'invariant local- 
isant universel des dg-categories'. On entend par cela un morphisme Ui du derivateur pointe HO(dgcat) 
associe a la theorie homotopique de Morita des dg-categories vers un derivateur triangule fort M''£g, 
tel que Ui commute aux colimites homotopiques filtrantes, preserve le point, envoie chaque suite exacte 
courte de dg-categories vers un triangle et est universel pour ces proprietes. 



12 



Introduction 



A cause de cette propriete universelle motivique, cf. section 4.1 de jKonj . on appelle AA ^^^ le m otivateur 
localisant (stable) des dg-categories. Par exemple, la construction du complexe mixte |Kel99j et la K- 
theorie non-connective [Sch06| sont des invariants localisants et se factorisent done par Ui . 

On construit aussi 'I'invariant additif universel des dg-categories', c'est-a-dire le morphisme universel 
de derivateurs Ua du derivateur HO(dgcat) vers un derivateur triangulee fort Al^g'* qui satisfait les deux 
premieres proprietes et la troisieme seulement pour les suites exactes scindees. On appelle M'^g'^ le 
motivateur additif (stable) des dg-categories. 

On montre que le spectre de if-theorie de Waldhausen apparait comme un spectre de morphismes 
dans la categoric de base A4'^g'^{e) du motivateur additif. Cela est la premiere caracterisation conceptuelle 
de la if-theorie de Quillen- Waldhausen [Qui67| [Wal85| et nous donne une toute nouvele fagon de penser 
la if-theorie. 

La corepresentation du spectre de iiT-theorie de Waldhausen comme un spectre de morphismes etend 
le lemme 10.171 La difference essentielle est qu'on considere des morphismes de derivateurs a valeurs dans 
des derivateurs triangulees forts au lieu des foncteurs a valeurs dans des categories additives. 

Afin de construire les motivateurs M^£g et M'^g'^, on a ete amene a developper plusieurs outils origin- 
aux et a etablir de nouveaux liens entre la theorie des derivateurs de Grothendieck |Gro90j et la theorie 
des categories de modeles de Quillen |Qui67| . Le formalisme des derivateurs de Grothendieck nous per- 
met d'enoncer et de demontrer des proprietes universelles rigoureuses et de nous debarasser de plusieurs 
problemes techniques presents dans I'approche de Quillen. 

Notre construction se decompose en plusieurs parties. On commence par developper les idees de 
Cisinski sur la localisation des derivateurs. Soit D un derivateur et S une classe de morphismes de D(e), 
ou e designe la categoric terminale. 

Definition 0.19 (j3. 61 Cisinski). Le derivateur D admet une localisation de Bousfield a gauche par rapport 
a S s'il existe un morphisme de derivateurs 

7 : D ^ LsD , 

qui commute aux colimites homotopiques, envoie les elements de S vers des isomorphismes dans L5D(e) 
et satisfait a la propriete universelle suivante : pour chaque derivateur D', le morphisme 7 induit une 
equivalence de categories 

Horn,(LsD,©') -X Horn , g (ID), B') , 

oil Horri i ^(©,11)') designe la categoric des morphismes de derivateurs qui commutent aux colimites homo- 
topiques et envoient les elements de S vers des isomorphismes dans D(e). 

Soient maintcnant A4 une categoric de modeles de Quillen cellulaire et propre a gauche, S un ensemble 
de morphismes de Ai et LsAi la localisation de Bousfield a gauche, cf. la section 3 de |Hir03] . On 
demontre le theoreme clef suivant. 

Tiieoreme 0.20 (|3.8I Cisinski). Le morphisme de derivateurs 

7 : H0(7W) HOiLsM) 

est la localisation de Bousfield a gauche de HO(A^) par I'image de I'ensemble S dans Ho(A1). 

Remarque 0.21. Ce theoreme nous permet de caracteriser le derivateur associe a la localisation de Bous- 
field a gauche \-sM. de M. par une propriete universelle. 

La preuve de ce theoreme est basee sur une description constructive des S'-equivalences locales, voir 
proposition 13.51 
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On developpe ensuite une theorie des 'ind-objets'. Supposons que A4 est une categoric dc modelcs 
dc Quillen cellulairc qui satisfait certaines conditions de finitude, voir section [3.51 A partir de A^, on 
construit une petite sous-categorie de 7W telle que le derivateur HO(A^) correspond aux 'ind-objets' 
du prederivateur associe a la localisation de Mf par rapport aux equivalences faibles. 

Theoreme 0.22 ((3?2T|) . Le morph isme de derivateurs 

m{M) ^ LEHot^, , 

induit une equivalence de categories 

Horn, (Ls Hot A^^.,©) Hom^,,fHO(.M).]D) . 

OIL Horn ^l^(y\0{Ai),O) designe la categoric des morphismes de derivateurs qui commutent aux colimites 
homotopiques filtrantes. 

Remarque 0.23. Les conditions de finitude sur A4 nous permettent de construire une petite categoric 
generatrice Aif a I'interieur de A4. On obtient alors L^HotMf en considerant une localisation de Bousfield 
a gauche de la categoric des pre-faisceaux simpliciaux sur Ai / . 

La preuve de ce theoreme fait intervenir la theorie des extensions derivees de Kan, au sens de Cisin- 
ski |Cisc| ■ theoreme 10. 201 et des resultats dus a Toen-Vezzosi jTV05] . 

Afin de mieux comprendre les contextes stables on reinterprete les differentes constructions de stabil- 
isation existant dans la litterature. On etablit le lien entre la stabilisation de Heller et la stabilisation de 
Hovey/Schwede en demontrant que si on commence avec une categoric de modeles de Quillen pointee A4, 
qui satisfait quelques hypotheses de generation, alors les deux constructions nous fournissent des resultats 
equivalents. On demontre le theoreme de comparaison suivant. 

Theoreme 0.24 (|3.3ip . Le morphisme induit entre les derivateurs triangules 

if : St(HO(A^)) — > HO(Sp^(A^)) 

est une equivalence, ou St(HO(Al)) designe la stabilisation au sens de Heller. 

Remarque 0.25. Les conditions de generation sur JV[ nous permettent d'avoir une description explicite 
de I'espace des morphismes de Sp^(A^) et de reduire I'analyse du morphisme (/? a la categoric terminale 
e. Une analyse de I'espace des morphismes entre les generateurs dans St(HO(A^)) et un argument sur les 
categories triangulees a engendrement compact nous permettent alors de demontrer le theoreme. 

Ce theoreme nous permet de caracteriser la construction de Hovey/Schwede par une propriete uni- 
verselle 

En appliquant tons les outils deja developpes a la theorie d'homotopie de Morita des dg-categories, 
on construit un morphisme de derivateurs 

Ut : HO(dgcat) ^ St(Ls,pHotdgcat^.) 

a valeurs dans un derivateur triangule fort. Le morphisme Ut est caracterise par la propriete universelle 
suivante. Soit D un derivateur triangule fort. 

Proposition 0.26 (|3.34p . On dispose d'unc equivalence de categories 

Hom,(St(Ls,pHotdgcat, ), O) ^ Hom/it,p(HO(dgcat), D) , 

OM Hom^jj p(HO(dgcat), B) designe la categoric des morphismes de derivateurs qui commutent aux colim- 
ites homotopiques filtrantes et qui preservent le point. 
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Pour chaque inclusion B d'une sous dg-categorie pleine, on dispose d'un morphismc induit 

Sk ■■ cone{Ut{A B)) Ut{B/A) 

dans Ls^pHotdgcatj, (e), oii B/ A designs le dg-quotient de Drinfeld. On dcmontre que tons les morphismes 
Sk peuvent etre inverses, ce qui nous permet d'obtenir finalement I'invariant localisant universel des 
dg- categories 

Definition 0.27 (I3.42p . Un morphisnie de derivateurs F de HO(dgcat) vers B satisfait la condition Dr) 
si: 

- pour chaque inclusion A ^ B d'une sous dg-categorie pleine, le morphisme induit 

Sk ■■ cone{F{A ^ B)) F{BIA) 
est un isomorphisme dans D(e). 
Theoreme 0.28 p.45p . Le morphisme lAi induit une equivalence de categories 

Hom,(M:f;, B) ^ Hom^;,, ^,,p(HO(dgcat), B) , 

ou Hom^jt p(HO(dgcat), B) designe la categoric des morphismes de derivateurs qui commutent aux 
colimites homotopiques filtrantes, satisfont la condition Dr) et preservent le point. 

Remarque 0.29. La preuve de ce theoreme se decompose en plusieurs propositions et theoremes. On 
commence par construire un ensemble £ d'inclusions G ^ "H, avec Ti. une /-cellule strictement finie. 

Cela nous permet d'exprimer chaque inclusion A'^ B d'une sous dg-categorie pleine comme la colimite 
homotopiquc d'un diagramme filtrant oil chaque terme appartient a £. On en dcduit le theoreme suivant : 

Theoreme 0.30 ([XiO)) . Si 

G:St(Ls,pHotdgcat,) ^B 
est un morphisme de derivateurs triangules qui commute aux colimites homotopiques et tel que G{e){SL) 

est inversible pour chaque L dans £, alors G{e){SK) est inversible pour chaque inclusion A^ B d'une 
sous dg-categorie pleine. 

Finalement, en utilisant les techniques de localisation des derivateurs developpees jusqu'ici et le fait que 
le derivateur St(L5].pHotdgcatj.) admet un modele de Quillen stable, on construit le motivateur localisant 
des dg-categories A^^°^- 

On etablit aussi un lien entre la construction S, de Waldhausen et le foncteur de suspension dans la 
categorie triangulee A4'^g{e). Soil A la categorie simpliciale et p : A ^ e le foncteur de projection. 

Proposition 0.31 (j3.52p . On dispose d'un isomorphisme canonique dans M'^^{e) 

P^UiiS.A) ^Vli{A)[l]. 

On montre aussi que le derivateur M'^g admet un modele de Quillen stable donne par une localisation 
de Bousfield a gauche d'une certaine categorie de pre-faisceaux en spectres. 

Proposition 0.32 (|3.56p . On dispose d'une equivalence de derivateurs 

HO{L^^ ,.fun{dgcat'},Sp'\S set,))) ^ . 
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Ensuite, afin d'etudier les suites exactes courtes scindees on introduit la notion de dg-categorie trian- 
gulaire superieure. Une dg-categorie triangulaire superieure B est donnee par une matrice 

s - ?) 

oil ^ et C sont des petites dg-categories et B est un ^-C-bimodule. Un morphisme de dg-categories 
triangulaires superieures : B ^ Bl_ est donne par F_ := {Fj[, Fc, Fx), ou Fy\, resp. Fc, est un dg- 
foncteur de A vers A', resp. de C vers C, et Fx est un morphisme de ^-C-bimodules de X vers X'. 
On designe par dgcat*"^ la categorie des petites dg-categories triangulaires superieures. On dispose d'une 
adjonction 

dgcat*'' 

I-I 

dgcat, 

oil 

im {1 -'), 

Theoreme 0.33 p.65p . La categorie dgcat*"^ admet une structure de categorie de modeles de Quillen d 
engendrement cofibrant, dont les equivalences faibles sont les morphismes F_ tels que F^ et Fq sont des 
dg-foncteurs de Morita et Fx est un quasi- is omorphisme de A-C -bimodules. 

Proposition 0.34 (|3.67p . Si B est une I-cellule strictement finie dans dgcat**^, alors A, C et \B\ sont 
des I-cellules strictement finies dans dgcat. 

On demontre le resultat 'd'approximation' suivant, qui est un engredient important dans la preuve 
du theoreme de corepresentabilitee de la if-theorie de Waldhausen, voir theoreme 10.401 

Proposition 0.35 (|3.69|) . Chaque suite exacte courte scindee de dg-categories est faiblement equivalente 
d une colimite homotopique filtrante de suites exactes courtes scindees dont les composantes sont des 
I-cellules strictement finies dans dgcat. 

Remarque 0.36. Notre preuve est basee sur le lien entre dg-categories triangulaires superieures et suites 
exactes courtes scindees. On utilise les proprietees de finitude de la categorie de modeles de Quillen du 
theoreme 10.331 et la proposition 10.341 

En utilisant les techniques de localisation du theoreme 10. 20[ on construit le morphisme universel de 
derivateurs 

Uu : HO(dgcat) ^ MTg'' 

qui commute aux colimites homotopiques filtrantes, preserve le point et envoie chaque suite exacte scindee 
vers une cofibration homotopique. Le derivateur A^J^^'** est le motivateur unstable des dg-categories. II 
admet un modele de Quillen et I'espace de /f-theorie de Waldhausen y apparait comme un espace de 
morphismes. 

Proposition 0.37 p.8ip . On dispose d'une equivalence faible d'ensembles simpliciaux 

U3^^{Uu{k),S^ ^Uu{A)) ^ \N.wS.Af\ . 

En particulier, on dispose des isomorphismes 



T:,+iUMl^a(k),S^ hUu{A)) ^ K,{A), Vi ^ 
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Finalement on stabilise le derivateur A^^g et on obticnt I'invariant additif universel des dg-categories 

Ua : HO(dgcat) ^ Mfg" . 

On appelle Ai'^g'^ le motivateur additif des dg-categories. 
Soit D un derivateur triangule fort. 

Definition 0.38 (|3.82p . Un morphisme de derivateurs F de HO(dgcat) vers ID satisfait la condition A) 
si: 

- pour chaque suite exacte courte scindee (voir definition 13. 68p 

i?. ic 

^A^=^B^=^C ^0, 

lA P 

les dg-foncteurs i^ et ic induisent un isomorphisme 

Ua{A)®Ua{C)^Ua{B) 

dans ©(e). 

Theoreme 0.39 (|3.85p . Le morphisme lAa induit une equivalence de categories 

Horn , (X 3f , P) ^ Horn/it , A) , p ( H (dgcat) ,©) , 

oil Horn ^-j p(HO(dgcat), D) designe la categoric des morphismes de derivateurs qui commutent aux 
colimites homotopiques filtrantes, satisfont la condition A) et preservent le point. 

La iiT-theorie connective de Waldhausen est un invariant additif et descend done a A4f^'^. En utilisant 
le fait que le derivateur M'^g'^ admet un modele de Quillen enrichi sur les spectres, on demontre le 
theoreme de corepresentabilitee suivant. 

Theoreme 0.40 (j3.9ip . On dispose d'une equivalence faible de spectres 

Hom^''\Ua{A),Ua{B)[l])^K'{rep„,,,{A,B)), 

oil K'^{repj-^gj.{A, B)) designe le spectre de K-theorie connective de Waldhausen de repj-^^^{A,B). 
En particulier, on dipose d'une equivalence faible d' ensembles simpliciaux 

Map{UaiA),Ua{B)[l]) ^ \N.wS,rep„^,M,B)\ 

et des isomorphismes 

TT,+iMap{UaiA),UaiB)[l]) ^ K,{rep„^M13)), V^ ^ . 

Remarque 0.41. Notre preuve est constituee de deux parties. Premierement, on montre que le spectre 
de X-theorie connective de Waldhausen est un objet fibrant par rapport a notre modele de Quillen de 
M'^g'^. Pour cela, on utilise proposition 10.351 et le theoreme de fibration de Waldhausen, voir |Wal85j . 

Dans une deuxieme partie, on construit un morphisme naturel de Ua{A) [1] vers la i^-theorie connective 
et on montre qu'il est une equivalence faible en utilisant inductivement certaines suites exactes courtes 
scindees. 

Remarque 0.42. Si dans le theoreme precedent, on prend A = k, on obtient 

HomSp'(Wa(fc),Wa(S)[l]) ^ K'iB) . 
Le spectre de if-theorie connective de Waldhausen dcvicnt done corepresentable dans M'lilf. 
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Chapitre 4 

Dans ce chapitre, k designe un corps. 

Le probleme suivant a ete formule par Toen dans [Toe07| : 

The model category dgcat together with the symmmetric monoidal structure ^ ® ~ is not a symmetric 
monoidal model category, as the tensor product of two cofibrant objects in dgcat is not cofibrant in general. 
A direct consequence of this fact is that the internal Horn object between cofibrant- fibrant objects in dgcat 
can not be invariant by quasi- equivalences, and thus does not provide internal Hom's for the homotopy 
categories Heq. This fact is the main difficulty in computing the mapping spaces in dgcat, as the naive 
approach simply does not work. 

Clairement ce probleme est analogue pour la categoric homotopique Hmo. Rappelons que Toen dans 
|Toe07 l ■ a construit le foncteur Hom-interne rep^g(— ,— ) pour Heq en utilisant une certaine dg-categorie 
de bimodules quasi-representables a droite, voir le theorenie 10.61 On a etendu cet object Hom-interne a 
Hmo, voir le lemme 10.121 

Pour resoudre le probleme pose par Toen, on construit une nouvelle categoric de modeles de Quillen 
Lp en utilisant les concepts de paire de localisation et la construction explicite du dg-quotient donnee par 
Drinfeld dans [Dri04j . 

Rappelons qu'une paire dc localisation A est donnee par une petite dg-categorie Ai et unc sous dg- 
categorie pleinc ^0 C Ai. On designe par Lp la categoric des paires de localisation. Un morphisme de 
paires de localisation F : A ^ B est une Q- equivalence faible si le dg-foncteur induit 

Ai/Ao ^ Bi/Bo 
entre les dg-quotients de Drinfeld est un dg-foncteur de Morita. 

Theoreme 0.43 ()4.18|) . La categoric Lp admet une structure de categoric de modeles de Quillen dont 
les equivalences faibles sont les Q- equivalences faibles. 

Remarque 0.44. Notre construction est constituee de plusieurs parties et est inspiree par plusieurs argu- 
ments presents dans la construction de la categorie homotopique stable des spectres au sens de Bousfield- 
Friedlander [BF78| . Rappelons que dans [Dri04| . Drinfeld a donne une construction explicite du dg- 
quotient d'une dg-categorie A modulo une sous dg-categorie pleine B en imposant certaines conditions 
de platitude, qui sont automatiquement verifiees si on travaille sur un corps k. Notre preuve repose 
fortement sur cette construction explicite. 

Dans section |475| on construit un produit tensoriel — (g) — sur Lp et un foncteur Hom(— , — ). 

Proposition 0.45 (|4.32p . La categorie Lp munie des foncteurs — ® ~ et Hom(— , — ) est une categorie 
monoidale symetrique fermee. 

Proposition 0.46 ()4.38|) . Le produit tensoriel — ® — admet un foncteur derive total a gauche 

- i) - : Ho(Lp) X Ho(Lp) — > Ho(Lp) . 

Theoreme 0.47 (j4.37p . Le foncteur Hom(— , — ) admet un foncteur derive total a droite 

7^Hom(-, -) : Ho(Lp°P x Lp) — > Ho(Lp) . 

Remarque 0.48. Notre preuve est basee sur une analyse profonde de la notion d'homotopic entre dg- 
foncteurs. Pour cela, on re-interprete une construction d'une certaine dg-categorie de morphismes donnee 
par Drinfeld dans |Dri04l 2.9], comme un objet de chemins fonctoriel pour la structure de modeles de 
Quillen du theoreme lO.il Cela nous permet d'obtenir une description plus simple de la notion d'homotopic 
entre dg-foncteurs et de demontrer le theoreme. 
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Rappelons qu'on dispose d'une adjonction 



Lp 



dgcat, 

oil Evi est le foncteur d'evaluation dans la premiere composante et le foncteur F associe a une dg-categorie 
A la paire de localisation (0 C .4). 

Proposition 0.49 (|4.40p . Si on considere dans dgcat la structure de modeles de Quillen du theoreme \0.7\ 
et dans Lp la structure de modeles de Quillen du theoreme \0.^3\ I'adjonction precedente est une equivalence 
de Quillen. 



Proposition 0.50 ()4.4ip . Les foncteurs derives totaux 
par I'equivalence 

Ho(Lp) 



et TZHom{— , —) rfans Ho(Lp) correspondent 



UEvi 



Ho(dgcat) 



aux foncteurs 



et rep™°'"(-,-) du corollaire \0.12\ 



Ces resultats nous permettent de re-interpreter le foncteur rep'^°^{—, — ) comme un foncteur derive 
total a droite 7?.Hom(— , — ) dans Ho(Lp). Cela donne unc solution au problcme formule par Toen au debut 
de ce chapitre. 



Chapitre 5 

Dans son livre [NeeOlb] . Neeman introduit une classe importante de categories triangulees appelees 
bien engendrees. Rappelons qu'une categoric triangulee T est bien engendree si elle est a engen- 
drement a-compact, pour un cardinal regulier a, voir [Kra01| |Nee01b) . Neeman montre le theoreme 
de representabilite de Brown pour les categories triangulees bien engendrees et aussi que cette classe de 
categories triangulees est stable par localisations et passage a des sous-categories localisantes engendrees 
par un ensemble d'objets. 

Exemple 0.51. Soit B une categoric abelienne de Grothendieck, par exemple la categorie des modules 
sur un espace annele. Par le theoreme de Popescu-Gabriel 'PG64], B est une localisation de la categorie 
Mod A des A- modules sur un anneau A. On deduit de cela ^NeeOla que la categorie derivee non bornee 
de la categorie abelienne B est une localisation de 'D{A) et est done bien engendree. 

Keller [Kel06b| introduit la notion de categorie triangulee algebrique afin de resumer les proprietes 
de toutes les categories triangulees qui apparaissent naturellement en algebre et geometric algebrique. 
Rappelons qu'une categorie triangulee T est algebrique si elle est equivalente au sens triangule a la 
categorie stable £_ d'une categorie de Frobenius £. Cela revient a demander que T soit equivalente a une 
sous-categorie pleine de la categorie des complexes a homotopie pres sur une categorie additive. 

Afin de mieux comprendre cette classe importante de categories triangulees d'un point de vue ho- 
motopique, on construit, pour chaque cardinal regulier a, une categorie dgcatg^. ^ dont les objets sont 
essentiellement les dg-categories qui sont stables par suspensions, cosuspensions, cones et sommes a- 
petites. On procede en deux etapes. 

Proposition 0.52 (|5.7[ 15.9)1 . On dispose d'une monade sur la categorie dgcat dont les algebres sont 
les dg-categories qui admettent tous les coproduits a-petits. 
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Remarque 0.53. En utilisant la theorie des ordinaux et son arithmetique, on construit la monade Tq, en 
adaptant au monde des dg-categories la monade Fam, voir |CJ95| et |KL97j . 

On montre ensuite que les proprietees d'unite et d'associativite d'une Ta-algebre correspondent a 
I'existence de coproduits a-petits. 

On designe par T^-alg la categorie des Tc-algebres. On dispose d'une adjonction naturelle 

Ta-alg 

u 

dgcat . 

Theoreme 0.54 (I5.16p . La categorie T^-alg est munie d'une structure de categorie de modeles de Quillen 
d engendrement cofihrant, telle qu'un morphisme F : A ^ B de T a-algebres est une equivalence faible, 
resp. fibration, si et seulement si U {F) est une equivalence faible, resp. fibration, dans la structure de 
modeles de Quillen du theoreme \0.1[ 



Remarque 0.55. Notre preuve est inspiree d'un argument de relevement dii a Quillen |Qui67| . Get argu- 
ment nous permet d'eviter une analyse des sommes amalgamees dans la categorie T^-alg. On montre, 
en effet, qu'un objet de chemins fonctoriel dont on dispose dans dgcat (voir la preuve du theoreme 10. 47|) 
admet une structure d'algebre sur la monade Tq,. 

Dans une deuxieme etape, on construit une categorie dgcat^^ ^ en considerant certains diagrammes 
dans la categorie T^-alg. On dispose d'un foncteur d'oubli 

Ui : dgcatg^^ — > T^-alg. 

Proposition 0.56 (I5.2ip . Le foncteur Ui admet un adjoint d gauche. 

Proposition 0.57 ()5.22|) . Le foncteur Ui est monadique. 

Theoreme 0.58 (I5.26[) . La categorie dgcat^^ ^ est munie d'une structure de categorie de modeles de 
Quillen a engendrement cofibrant, dont un morphisme F : A ~f B_ dans dgcatg^, ^ est une equivalence 
faible, resp. fibration, si et seulement si Ui{F) est une equivalence faible, resp. fibration, dans la structure 
de modeles de Quillen du theoreme \U.54\ 

Finalement, on definit un foncteur de dgcatg^. „ vers la categorie Trie des categories triangulees 
algebriques a engendrement a-compact, qui par [Porj [KjwMP] verifie les conditions suivantes : 

- toute categorie dans Trie est equivalente a VaiA), pour A dans dgcat^^ ^ et 

- un morphisme F dans dgcatg^. ^ est une equivalence faible si et seulement si Va{F) est une 
equivalence de categories triangulees. 

Cela nous montre que les categories triangulees algebriques bien engendrees admettent un enrichisse- 
ment homotopique donnc par notre structure de modeles de Quillen du theoreme lO.581 



Chapitre 6 

Dans ce chapitre, on propose une description d'une certaine classe de categories de Calabi-Yau en utilisant 
le formalisme des dg-categories et la notion de 'stabilisation' au sens de la description de la categorie 
d'orbites triangulee suivant Keller, voir [Kel05| . On fixe un corps k. 

Soit d ^ 2 et C une categorie triangulee algebrique d-Calabi-Yau munie d'une sous-categorie T qui 
est d-amas-basculante (d-cluster-tilting), voir section 

Ces categories apparaissent (pour d — 2) naturellement dans 
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- I'approche conceptuelle des algebres amassees (cluster algebras) au sens de Fomin-Zelevinsky, 

- dans I'etude des modules de Cohen-Macaulay sur certaines singularitees isolees et dans I'etude des 
resolutions crepantes non-conimutatives. 

A partir de C et T, on construit le carre commutatif cartesien 

M ^ 



oil £ est un 'modele algebrique' de la categorie C, c'est-a-dire une categorie de Frobenius fc-lineaire oii 
les idempotents se scindent et telle que la categorie stable £_ est equivalente a C en tant que categorie 
triangulee. 

D'apres [Pal| . on dispose d'une suite exacte courte de categories triangulees 







nl^AM) n\M)/n\r) 



c 



0, 



ou 'Hs-aci-^) designe la categorie homotopique des complexes bornes sur M et £-acycliques. Maintenant, 
soit B la sous dg-categorie pleine de C''{M)dg formee des complexes £-acycliques. 

On definit un foncteur G : Ti,~{Ai) qui envoie un complexe borne a droite X sur le 

dg-module 

ou B appartient a B. 

Cette construction induit un foncteur 

G : n\M)/'H\V) V{B"P)''P . 

Proposition 0.59 (|6.2|) . Le foncteur G est pleinement fidele. 

Remarque 0.60. La demonstration consiste a factoriser le foncteur G comme le foncteur compose suivant 

n\M)/H'>{V) i n,_,,{M) ^ V^{M) ^ ViB^T" ■ 

On montre ensuite que les foncteurs T et ^' sont pleinement fideles et que $ Test aussi lorsqu'on le 
restreint a I'image essentielle de ^E*. 

Afin de caracteriser I'image essentielle du foncteur G, on introduit de nouvelles categories et foncteurs 
resumes dans le diagramme suivant : 



n\M)in\vf 



H 



£-ac 




V{B'°P) 



op 



V-{M) 



■V{M 



op\op 



B 



B' 



M 



Definition 0.61 Soit V{B°P)°f la sous-categorie pleine de V{B°p)°p dont les objets sont les Y 

tels que r^_„y appartient a per(B°P)°P, pour tout n e Z, et R'{Y) appartient a per(7W°^)°P. 
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Proposition 0.62 (|6.19p . Un objet Y dans V{B°p)°p appartient a I'image essentielle du foncteur G : 
V!'{M)/li}'{V) V{B°P)°P St et seulement s'll appartient a V{B°p)J . 

Remarque 0.63. Pour la preuve de cette proposition, on caracterise d'abord I'image essentielle du foncteur 
o T. En effet, un objet Y dans 'DJ^{M.) appartient a I'image essentielle de ^' o T si et seulement si 
T^^nY appartient a per^(A^), pour tout n G Z, et L{Y) appartient a per(Al). En utilisant le fait que 
la i-structure canonique sur 'D{M) se restreint a per^(A^) et I'equivalence per_vi(7W)°P ^ per(B''P), on 
etend cette t-structure a V{B°p)''p. ~ ~ 

Finalement, on demontre que le foncteur $ : Dm (A4) x>{B°p)°p est exact par rapport a ces t- 
structures, lorsqu'on se restreint a I'image essentielle de ^I'. 

On designe par M un objet de M ainsi que le complexe associe dans H'^{Ai). Puisque la categoric 
H^{A4)/T-C^{V) est engendree par les objets M G et que le foncteur G est pleinement fidele, on 
remarque que la categoric 'D{B°p)°j' s'identifie avec la sous categoric triangulee de T>{B°p)°p engendree 
par les objets de G{M). 

En utilisant un argument dii a M. Van den Bergh, on caracterise les objets G(M), M G de la 
fagon suivante: soit Pm le Al-module M) projectif associe a M G et Xm I'image de M par le 

foncteur ^E* o T. 

Lemme 0.64 (j6.20p . On dispose d'un isomorphisme 

mod 

pour tous Y G I?^(A^). 

On commence par caracteriser les objets G{A'I) ~ ^{Xm), M G Ai, dans la categoric triangulee 
V{B°P), c'est-a-dire, on caracterise le foncteur : 

Rm Homi,(gop)(?,$(XM)) : V{B°PyP Mod A:. 
Pour cela on considcre le foncteur 

Fm := Homper(6op)(H°(?), $(Pm)) : per(S°P)°P ^ modfc 
et le foncteur DFm obtenue en composent Fm avec Ic foncteur de dualitc D = Hom(?, k). 
Lemme 0.65 (|6.23p . On dispose d'un isomorphisme de foncteurs 

DFm ^ Homi,(sop)($(XM), ?[d + 1]) . 

On designe par Em I'extension de Kan a gauche de DFm par I'inclusion per(S°P) ^ 'D{B°p). On 
remarque que le foncteur Em est homologique et preserve les coproduits et done DEm est cohomologique 
et transforme coproduits en produits. Puisque I){B°p) est une categoric triangulee a engendrement 
compact, le theoreme de representabilite de Brown, cf. |Nee01b) . nous fournit un objet Zm G V{B°p) tel 
que 

DEm — > Homx)(B°p)(?, Zm) ■ 
On dispose de la caracterisation suivante des objets G{M), M G Ai. 

Theoreme 0.66 (j6.25p . On dispose d'un isomorphisme 

G{M) ^ Zm ■ 

Jusqu'ici on a construit a partir de C et T une dg-categorie B et une t-structure U sur H'^(,B) qui sat- 
isfont certaines conditions de finitude. On retrouve alors C et T en utilisant le processus de 'stabilisation' 
suivant, voir section [6.61 : 
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- Soit Q la categorie des projectifs du coeur H de la t-structure sur H'^{B). On construit un morphisme 

Q ^ B dans la categorie homotopique des dg-categories qui induit un foncteur de restriction 
3* ■.V{B)^V{Q). 

- Soit 'D{A°'P)Y la sous-categorie triangulee pleine de V{A°^)°^ formee des objets Y tels que t^_„ 
appartient a per(^°P)°P, pour tout n G Z, et j*{Y) appartient a per(Q°P)°P. 

- La categorie stable est le quotient triangule 

stab(S,W) := P(i3°P)°P/per(i3°P)°P . 

Theoreme 0.67 (|6.27p . Le foncteur G induit une equivalence de categories 

G-.C-^ stab(B,W) . 

Soient T une categorie triangulee a engendrement compact et 7^ la sous-categorie de ses objets 
compacts. Dans I'appendice on montre comment etendre une t-structure lA sur 7^ en une f-structure sur 

r. 

Proposition 0.68 (|6.28p . a) L'aile gauche U admet une extension minimale en une aile gauche T^o 
dans T . 

h) Si U ^ Tc est non degenere (c'est-d-dire que f : X —tY est inversible si et seulement si HP(/) est 
inversible pour toutp G Z) et pour chaque X dans Tc, il existe un entier N tel que Hom(X, S^U) = 
pour tout U dans lA, alors T^o est encore non degenere. 



Part I 

A la poursuite du Motivateur des 

DG-categories 
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Chapter 1 



Une structure de categorie de 
modeles de Quillen sur la categorie 
des DG-categories 

Ce chapitre correspond a I'article JTabOSb^ . 

1.1 Introduction 

Nous construisons une structure de categorie de modeles de Quillen a engendrement cofibrant sur la 
categorie des petites categories differentielles graduees. 

1.2 Preliminaires 

Dans toute la suite, k designe un anneau commutatif avec 1. Le produit tensoriel (E) designe toujours 
le produit tensoriel sur k. Nous commengons par introduire les definitions de base de la theorie des 
dg-categories suivant |Kel06b| . 

Definition 1.1. - Une dg-categorie A est la donnee d'une classe d'objets obj(^), d'un dg fc-module 
Homyi(X, F) pour tons X,Y ^ obj(^), et d'applications de composition associatives 

Hom^(y, Z) ® Hom^(X, Y) ^ Hom^(X, Z), (/, g) ^ fg 

qui admettent des unites Ix £ Hom^(X, X). 

- Un dg-foncteur F : ^ ^ ^' est donne par une application F : ohi{A) — > obj(^') et par des 
morphismes de dg fc-modules 

F{X,Y) : Hom^(X,r) ^ Hom^'iFX, FY), X,Y e ohi{A), 

compatibles avec la composition et les unites. 

Une dg-categorie A est petite si obj(„4) est un ensemble. On designe par dgcat la categorie des petites 
dg-categories. 

Exemple 1.2. Soit B une fc-algebre et C{B) la categorie des complexes de B-modules a droite 

, MP AfP+i ->•■•, p e Z . 
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Pour deux complexes L,M et un enticr 71 G Z, on dcfinit Hom"(L,Af) comme le /c-module des mor- 
phismes f : L ~* M d'objets gradues de degre n, c'est-a-dire des families / = (/p) de morphismes 
fP : ^ p S Z, de B-modules. On definit Hom(L,Af) comme le fc-module gradue a com- 

posantes Hom"(L,M) et dont la differentielle est le commutateur 

La dg-categorie Cdg{B) a pour objets tons les complexes de i?-modules et les morphismes sont definis par 

Cdg{B){L,M) = Hom(L,Af). 

La composition est la composition des applications graduees. 

Soit A une dg-categorie. La dg-categorie opposee A"^ a les memes objets que A et ses espaces de 
morphismes sont definis par 

Y) = A{Y, X) ; 

la composition de / G A°p(Y, X)p avec g G A''p{Z, Y)'^ est donnee par {~l)Pigf. 
Definition 1.3. Un dg A-module a droite est un dg-foncteur 

M : A°P ^ Cdg{k) . 

Si L et M sont des dg ^-modules et n est un entier, un morphisme gradue f de degre n de L dans M 
est la donnee de morphismes fA, A Cz A, appartenant a 

Hom(i^,AfA)" 

tels que {fA){La) — {Ma){fB) pour tons morphismes a : A ^ B de A. La differentielle d{f) est alors 
donnee par les morphismes d{f A), A ^ A. On note Hom(L, M) le complexe ainsi obtenu. La composition 
de morphismes gradues est definie de la fagon naturcUe. 

Definition 1.4. La dg-categorie des A-modules a droite, notcc Cdg{A) ou Mod^ est la dg-categorie dont les 
objets sont les dg ^-modules et les complexes de morphismes les complexes Hom(i,A/). Le dg-foncteur 
de Yoneda est defini par 

-■.A^ CdgiA) , X^X:^ Hom^(?,X). 
Definition 1.5. - La categorie 'ZP{A) a les memes objets que A et ses morphismes sont definis par 

Homzo(^)(X,y) = Z°Hom^(X,r), 
ou ZO est le noyau de d : Hom"^{X,Y) Hom\{X,Y). 

- La categorie H*'(^) a les memes objets que A et ses espaces de morphismes sont definis par 

HomHO(^)(X,r) = H"(Hom^(X,y)), 

oil H" designe la cohomologie en degre zero du complexe \-\omj^{X,Y). 
Definition 1.6. Un dg-foncteur _F de C vers T) est une quasi- equivalence si: 

- pour tons objects ci et C2 de C, le morphisme de complexes de Homc(ci, C2) vers HomD(i^(ci), F{c2)) 
est un quasi-isomorphisme et 

- le foncteur H''(F) de H°(C) vers H°(X') est essentiellement surjectif. 

Pour les categories de modeles de Quillen, nous renvoyons a jHov99| . On introduira une structure de 
categorie de modeles de Quillen a engendrement cofibrant dans dgcat dont les equivalences faibles sont 
les quasi-equivalences. 



1.3. Theoreme principal 
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Suivant |Dri04i 3.7.1], nous definissons JC comme la dg-categorie avec deux objets 1, 2 et dont les mor- 
phismes sont engendres par / e Hom^(l,2), g e Honi^(2,l), ri G Hom;^^(l, 1), r2 G Hom^^(2,2) et 
G Hom^^(l, 2) soumis aux relations df = dg = 0, dri ~ gf — li, dr2 = /<? — I2 et dri2 = fri — . 




Soil B une petite dg-categorie. 

Proposition 1.7. On a une bijection naturelle entre Homdgcat(A^, ^B) et I'ensemble des couples {s,h), ou 
s est un morphisme de degre dans B tel que d{s) = et h est une contraction du cone de 's dans Cdg{B). 

Demonstration. Soil F un dg-foncteur de K, vers B. Notons que I'image de / par F est un morphisme 
s : X — » F de degre dans B tel que d{s) — 0. On remarque que le cone de s dans Cdg{B), qu'on note 
cone(s), est le i3-module gradue 

muni de la differentielle 

dy s 
-dx ■ 

Un morphisme h dans Hom^J^ (cone(s), cone(s)) correspond done a une matrice 



r2 ri2 
9 ri 



ou g G Hom%{Y,X), n G Hom^^{X,X), G Hom^^{Y,Y) et m G 
observe que h est une contraction de cone(s) si et seulement si I'equation suivante est satisfaite 



Homg2(X,y). 



Finalement on 



r2 ri2 
9 ri 



dy 




s 

'dx 



dy 




s 

-dx 



r2 ri2 
9 ri 



I2 






li 



oil, pour ameliorer la lisibilite, nous avons omis tons les 'chapeaux' 
imposees dans la definition de la dg-categorie JC. 
Cela montre la proposition. 



On recupere done les relations 



□ 



Soil A la dg-categorie avec un seul object 3 et telle que Hom^(3, 3) = k. Soil F le dg-foncteur de 
A vers IC qui envoie 3 sur 1. Soil B la dg-categorie avec deux objects 4 et 5 telle que Home(4,4) = 
k , Home(5,5) — k , HomB(4,5) = , HomB(5,4) — 0. Soil n G Z. On note S"~^ le complexe k[n — 1] 
et D" le cone sur le morphisme identique de S*"^^. On note 7^(n) la dg-categorie avec deux objets 6 et 7 
et telle que Hom-p(„)(6, 6) — k , Homp(„)(7, 7) = fc , Hom-p(„)(7, 6) = , Hom-p(„)(6, 7) — D". Soil R{n) 
le dg-foncteur de B vers V{n) qui envoie 4 sur 6 et 5 sur 7. On considere la dg-categorie C{n) avec deux 
objects 8 et 9 telle que Homc(„)(8, 8) = A;, Homc(„)(9, 9) = fc, Homc(„)(9, 8) = 0, Homc(„)(8, 9) = 5""-^. 
Soil S{n) le dg-foncteur de C{n) vers V{n) qui envoie 8 sur 6, 9 sur 7 et S"""^ dans par I'identite sur 
k en degre n — 1. Soil finalement Q le dg-foncteur de la dg-categorie vide O, qui est I'objet initial dans 
dgcat, vers A. 

Theoreme 1.8. Si on considere pour categoric C la categoric dgcat, pour classe W la sous-categorie 
de dgcat des quasi- equivalences, pour classe J les dg-foncteurs F et R{n), n Z,, et pour classe I les 
dg-foncteurs Q et S{n), n G Z, alors les conditions du theoreme ^Hov99[ 2.1.19] sont satisfaites. 
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A la proposition l 1 . 1 3l apres la demonstration du theoreme, nous allons donner une description explicits 
des fibrations do la structure de categorie de modeles obtenuc ainsi. 

Remarque 1.9. Un resultat analogue pour les categories simpliciales a ete obtenu dans |Ber07| . Notre con- 
struction est inspiree par le resultat principal de [Rezj montre d'abord dans |JT91j et par la construction 
des dg-quotients dans |Dri04j . 

En s'appuyant sur le theoreme ll.8I B.Toen a decrit la localization de Dwyer-Kan |DK80| de dgcat dans 
|Toe07) . 

1.3.1 Preuves 

Rappelons d'abord les conditions du theoreme 2.1.19 de [Hov99j : 

(i) La classe W possede la propriete 2 sur 3 et est stable par retracts. 

(ii) Les domaines des morphismes de / sont petits par rapport k I — cell. 

(iii) Les domaines des morphismes de J sont petits par rapport h J — cell. 

(iv) On a J - cell CWnl - cof. 

(v) On a / - inj C n J - inj. 

(vi) On a n / - cof C J - cof ou n J - inj C / - inj. 

On observe facilement que la classe W possede la propriete 2 sur 3 et est stable par retracts. On observe 
aussi que les domaines des morphismes de / et de J sont petits dans la categorie dgcat. lis le sont done en 
particulier relativement aux classes / — cell et J — cell. Ainsi, les trois premieres conditions sont verifiees. 

Lemme 1.10. On a J — cell C W. 

Proof. On montre d'abord que la classe W est stable par compositions transfinies (voir 'Hir03] pour la 
definition de cette construction). En effet, le foncteur H*'(— ) commute aux compositions transfinies et la 
classe des foncteurs essentiellement surjectifs est stable par compositions transfinies. Puisque la classe des 
quasi-isomorphismes de complexes de fc-modules est aussi stable par compositions transfinies, la classe 
W satisfait la condition. 

Solent maintcnant n e Z ct T : B ^ ^7 un dg-foncteur quclconquc dans dgcat. On considere la somme 
amalgamee suivante 

T 

B — -^J 

J inc 
V{n) 

dans dgcat. II s'agit de verifier que inc est une quasi-equivalence. La dg-categorie U s'obtient a partir de 
la dg-categorie J7 en rajoutant un nouveau morphisme I de T(4) vers T(b) de degre n — 1 et un nouveau 
morphisme j de T{A) vers r(5) de degre n tels que dl — j. Pour des objets AT et F de J, on a done une 
decomposition de Iiomjj{X,Y) en somme directe de complexes 



IiomuiX,Y) = Hom^")(X,y) 

m>0 



1.3. Theoreme principal 
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avec 

Roml;p\x, Y) = (r(5), y) (g) D" ® (r(5), r(4)) ® ® • • • (g) ® (X, r(4)) , 

^ ^ 

m factcurs 

ou Ton ecrit (, ) pour llomj(, ). Puisque le complexe Z?" est contractile, I'inclusion 

Uomj{X,Y) ^ llomuiX,Y) 

est un quasi-isomorphisme. Comme le dg-foncteur d'inclusion est I'identite au niveau des objets, c'est 
une quasi-equivalence. Soil maintenant N : A ^ C un dg-foncteur quelconque dans dgcat. On considere 
la somme amalgamee suivante 



F J inc 
/C j^M 

N' 

dans dgcat. II s'agit de montrer que inc est une quasi-equivalence. La dg-categorie A4 s'obtient a partir 
de la dg-categorie £ en rajoutant la dg-categorie K. k C en identifiant les objets N{3) et F{3). Nous 
allons maintenant donner une autre description de M.: soit Cq la dg-categorie £ a laquelle on rajoute un 
morphisme s avec ds = de A'^(3) vers un nouvel objet H. Notons Mod£o = Cdg{C-o) la dg-categorie des 
dg- modules (a droite) sur C^. On considere le plongement de Yoneda 

Soit Ci la sous-dg-categorie pleine de Mod£o dont les objets sont le cone C sur s et les dg-foncteurs 
representables. Soit £2 la dg-categorie obtenue en rajoutant dans Ci un morphisme h de degre —la 
I'anneau d'endomorphismes de C tel que dh est egal a I'identite de C. Resumons les notations pour les 
objets dans le diagramme suivant (oii nous avons omis les 'chapeaux') : 

N'(g) 
N'if) 

Soit £3 la sous-dg-categorie pleine de £2 dont les objets sont les images dans £2 des objets de Co- Nous 
allons montrer que notre dg-categorie M. s'identifie naturellement a £3. En effet, la demonstration de 
la proposition 11.71 montre que le dg-foncteur naturel £ — > £3 admet un unique prolongement en un dg- 
foncteur — » £3 qui envoie TV' (2) sur H (plus precisement : I'image de H dans £3 . . . ), N'{f) sur s et 
N'{g), iV'(ri), N'{r2) et N'{r 12) sur les quatre composantes de la contraction h. Nous afFirmons que ce 
dg-foncteur est un isomorphisme. Pour le montrer, construisons un inverse : tout d'abord, la definition 
de £0 montre qu'il existe un dg-foncteur Cq ^ A4 qui prolonge I'inclusion de £ et qui envoie H sur 
N'{2) et s sur N'{f). Ce dg-foncteur admet un prolongement £1 ModAI qui envoie le cone C sur 
s sur le cone Cm sur I'image de N'{f) par le foncteur de Yoneda. Par la proposition II. 7[ le cone Cm 
est muni d'une contraction naturelle Hm- Par la definition de £2, nous obtenons un unique dg-foncteur 
£2 Mod qui prolonge £1 ModA^ et qui envoie h sur Hm- On verifie facilement que la restriction 
de £2 ModA^ a £3 prend ses valeurs dans M et est inverse du dg-foncteur naturel Al — > £3. 

Soient X et Y des objets de £. On a alors une decomposition de fc-modules gradues comme dans 
[DnOl 3.1] 

HoniA, {X, Y) ^ Rome, (X, ? ) = Hom^!^) (X, f) , 

oil 

Hom^"Vx, Y) = Hom£, (C, Y) (g> ^ Hom^, (C, C) S'^ ® • ■ • O S'^ (g) Hom^, (X, C) . 

^ « ' 

n factcurs 
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Mais dans cctte situation, on n'a pas unc somme directe de complexes. Soit gn+i- h- gn ■ h ■ ■ ■ h- gi e 
Hom^-*(X, Y). Comme on a d/i = 1, I'image par d de cet element est egale a 

d{gn+i)- h-gn-h - ■■ h- gi + • ^n+r l-g^-h-- -h-gi-] . 



(n — 1) facteurs h 

On remarque que, pour tout m ^ 0, la somme 



0Hom(r)(X,y) 



n>0 



est un sous-complexe de Iiomc2{X ,Y) et on dispose done d'une filtration exhaustive de Hom£2(X,y). 
Le n-ieme sous- 
I'isomorphisme 



Le n-ieme sous-quotient s'identifie a }iom'^^^{X,Y). Le complexe Hom£j(X,C) s'identifie au cone sur 



: Romc,iX,N{3)) ^ Hom£„(X,i/). 

II est done contractile et I'inclusion 

llomciX,Y)^}iomMiX,Y) ~ Hom£,(X,y) 

est un quasi- isomorphisme. Comme s devient un isomorphisme dans H'^(A^) et que le dg-foncteur 
d'inclusion est I'identite au niveau des objets, il est bien une quasi-equivalence. □ 

Demontrons maintenant que J — inj n = / — inj . Pour cela, on considere la classe Surj formee des 
foncteurs G : 7i — > T dans dgcat qui verifient: 

- G induit une surjection de I'cnscmble des objets de H sur I'ensemble des objets de 2 et 

- G induit des quasi-isomorphismes surjectifs dans les complexes de morphismes. 
Lemme 1.11. On a I — inj = Surj. 

Demonstration. Soit C une categorie quelconque et V une classe quelconque de morphismes dans C. On 
note V — drt la classe de morphismes qui out la propriete de relevement a droite par rapport a V. La classe 
Q — drt est formee des foncteurs qui sont surjectifs au niveau des objets. La classe S{n) — drt, n e Z est 
formee des foncteurs qui sont des quasi-isomorphismes surjectifs au niveau des complexes de morphismes. 
En effet, un carre commutatif dans dgcat 



S(n) 



G 



correspond a la donnee d'un carre commutatif dans la categorie des complexes 

S-"-! — ^ Hom^^(i:>(8), 15(9)) 

G 

£1" — ^ Homi(i;(6), E{1)) 



oil I?(8) et -D(9) sont des objets quelconques dans 7i. La propriete resulte de la caracterisation des 
quasi-isomorphismes surjectifs dans la categorie des complexes sur k. Voir [Hov99[ 2.3.5]. □ 
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Lemme 1.12. On a J — injDW — Surj. 

Demonstration. Montrons I'inclusion D. Soit H un foncteur de Af vers £ dans la classe Surj. Comme H 
est surjectif au niveau des objets et un quasi-isomorphisme au niveau des complexes de morphismes, on 
a.H €W. 

La classe R{n) — drt est formee des foncteurs surjectifs aux niveau des complexes de morphismes. II 
sufBt done de montrer que H E F — drt. La donnee d'un carre commutatif 




correspond a la donnee de la partie inferieure gauche du diagramme 



P(3)-^'^-^.i? 



H 



H 



C/(l)i^[/(2) 



dans les dg-categories TV et f et a la donne d'une contraction h du cone Ci de U{f) dans Cdg{£)- Comme 
H est surjectif au niveau des objets, il existe D E J\f telle que H{D) = U{2). Le foncteur H est un 
quasi-isomorphisme surjectif au niveau des complexes de morphismes. Done on pent relever U{f) en 
U{f). Dans les categories des dg-modules respectives, on obtient le diagramme suivant 



P(3) ^ D ^ <^2 _J h* 

H 

Uil)^U(2) -Ci^. 

oil Ci et C2 designent les cones sur les morphismes respectifs et h est la contraction de Ci. Puisque H 
est un quasi-isomorphisme surjectif au niveau des complexes de morphismes et Ci et C2 sont des cones 
sur des morphismes entre representables, le dg-foncteur H induit aussi un quasi-isomorphisme surjectif 
de I'algebre d'endomorphismes de C2 sur celle de Ci . On pent relever h en une contraction h* de C2 par 
application du lemme [Hov991 2.3.5] au couple {h, 1). 

Montrons maintenant I'inclusion C. Soit L un foncteur de P vers S qui appartient a J — inj n W. 
La classe R{n) — drt est formee des foncteurs surjectifs au niveau des complexes de morphismes. Comme 
L e W, il suffit de montrer que L est surjectif au niveau des objets. Soit E G S un objet quelconque. 
Comme L £ W, il existe C G I? et un morphisme q S Homs (L(C), E) qui devient un isomorphisme dans 

C 

L 

L{C)^^E. 

Ainsi, q est I'image de / par un dg-foncteur de K. vers S. Comme on a L G J — inj, on pent relever le 
morphisme q et par consequence I'objet E. Le foncteur L est done bien surjectif au niveau des objets. □ 
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Nous avons verifie que J — cell C W (lemme ll.lOp et que / — inj est egal a J — inj n (lemmes 11.111 
et I1.12p . Ainsi les trois dernieres conditions du theoreme 2.1.19 de |Hov99| sont aussi verifiees. Cela 
demontre le theoreme ll.81 

Proposition 1.13. Un dg-foncteur G de C vers T) est une fibration, pour la structure de categorie de 
modeles de Quillen du theoreme \1.8l si et seulement si: 

1) pourtous objets ci etc2 dansC, le morphisme de complexes de Honic(ci, C2) vers Honiu(G(ci), G(c2)) 
est surjectif en chaque composante et 

2) pour tout objet ci ^ C et tout morphisme v € Homx)(G(ci), d) qui devient un isomorphisme dans 
H°(I?), il existe un morphisme u G Homc(ci,C2) tel que G{u) — v et qui devient un isomorphisme 
dans H0(C). 

Remarque 1.14. Puisque I'objet final dans dgcat est la dg-categorie nulle, cette proposition implique que 
tout objet est fibrant. 

Demonstration. Le dg-foncteur G est une fibration si et seulement s'il a la propriete de relevement a 
droite par rapport a I'ensemble des cofibrations generatrices J = {F,R{n), n € N}. Clairement un dg- 
foncteur satisfait la condition 1) si et seulement s'il a la propriete de relevement a droite par rapport a 
I'ensemble {R{n), n € li}. 

Notons que pour tout isomorphisme [v] dans H'^(P) on dispose d'une contraction du cone de v dans 
CdgiV)- Par la proposition 11.71 cela nous fournit un dg-foncteur T de /C vers V tel que T{f) = v. II est 
done clair que si un dg-foncteur a la propriete de relevement a droite par rapport a F alors il satisfait la 
condition 2). Montrons maintenant qu'un dg-foncteur qui satisfait conditions 1) et 2) a la propriete de 
relevement a droite par rapport a F . 

Pour cela, on utilise un argument analogue a celui de la demontration de I'inclusion 3 du lemme 11.121 
ci-dessus. On remarque que la condition 2) nous fournit le relevement U{f) et implique que la dg- 
algebre d'endomorphismes de C2 est acyclique. Par la condition 1) le dg-foncteur H induit done un 
quasi-isomorphisme surjectif de I'algebre d'endomorphismes de G2 sur celle de Ci et I'affirmation suit. 

Cela demontre la proposition. □ 
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Ce chapitre correspond aux articles JTabOdfj et JTabOSaf . 

2.1 Introduction 

Dans cet article, nous poursuivons I'etude [TabOSbj |Toe07| de la categorie des petites categories differentielles 
graduees (= dg-categories) du point de vue des categories de modeles de Quillen |Qui67| . Plus precisement, 
nous munissons la categorie des petites dg-categories d'une structure de categorie de modeles a engen- 
drement cofibrant dont les equivalences faibles sont exactement les dg-foncteurs de Morita, c'est-a-dire 
les dg-foncteurs F : A ^ B qui induisent une equivalence V{B) ^ T^iA) entre categories derivees. Dans 
la categorie homotopique Hmo obtenue ainsi, les equivalences derivees au sens de |Ric89| |Ric91| [Kel94j 
correspondent a des isomorphismes et le 'groupe de Picard derive' de |RZ03] y apparait comme un groupe 
d'automorphismes. 

La categorie Hmo est fortement reliee a la categorie des petites categories triangulees mais s'en dis- 
tingue par sa structure plus riche. Elle donnc un cadre commode pour formuler des proprietes universelles 
comme celles du dg-quotient de |Dri04j . de I'envelope pretriangulee de [BK90j ou des categories d'orbites 
dc [Kel05^. 

Une autre motivation pour son etude provient de la geometric algebrique non commutative au sens de 
Drinfeld ^ Dri02| et Kontsevich |Kon04j [Kon98| . c'est-a-dire I'etude des dg-categories et de leurs invariants 
homologiques. Dans cette veine, nous construisons 'I'invariant additif universel', c'est-a-dire un foncteur 

Ua ■ dgcat ^ Hmoo 

a valeurs dans une categorie additive qui rend inversibles les dg-foncteurs de Morita, transforme les 
decompositions semi-orthogonales [B0| en sommes directes et qui est universel pour ces proprietes. Par 
exemple, la i^-theorie et I'liomologie cyclique sont des invariants additifs et se factoriscnt done par Ua- 
Nous observons que dans Hmoo, le foncteur Kq devient corepresentable, ce qui donne immcdiatcment les 
caracteres de Chern. 

La categorie Hmoo est etroitement reliee au anneau de Grothendieck VTkar des dg-categories pretriangulees 
Karobiennes de [BLL04j . Nous precisons ce lien en exhibant une surjection 

rrtr Ko(Hmo^') 
apres avoir impose des conditions de finitude convenables. 
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2.2 Conventions 

Dans toute la suite, k designe un anneau commutatif avec 1. Le produit tensoriel (8) designs toujours le 
produit tensoriel sur k. Soit n G Z. On note 5*""^ le complexe k[n — 1] et D" le cone sur le morphisme 
idcntique de S"~^. Par une dg-categorie, nous entendons une A:-categorie differentielle graduee, voir 
definition 11.11 Soit dgcat la categorie des petites dg-categories. Pour la construction des foncteurs Z 
et pre-tr, voir [Kel99| |BK90| . Pour une dg-categorie A, on note^: A Mod^ le dg-foncteur de 
Yoneda et 'D{A) la categorie derivee, voir [Dri04] [Kel94] . Soit C une categorie quelconque et V une 
classe quelconque de morphismes dans C. On note V — drt, gch — V, la classe de morphismes qui out 
la propriete de relevement a droite, repectivement a gauche, par rapport a V. On note cof(V) la classe 
gch — (V — drt). Pour les categories de modeles de Quillcn, nous renvoyons a [Hov99j |Qui67| . Rappelons 
seulement theoreme 2.1.19 dans [Hov99| . 

Theoreme 2.1. Soit C une categorie qui admet toutes les petites limites inductives et projectives. Soit W 
une classe de morphismes de C et I et J des ensembles de morphismes de C. Alors, il existe une structure 
de categorie de modeles /ermee a engendrement cofibrant dans C, avec I les cofibrations generatrices, 
J les cofibrations acycliques generatrices et W les equivalences faibles si et seulement si les conditions 
suivantes sont satisfaites : 

(i) La classe W est stable par retracts et dans tout triangle commutatif de C, si deux fleches sont des 
equivalences faibles, alors la troisieme en est une. 

(ii) Les sources de I'ensemble I sont petites par rapport a la classe L — cell. 

(ii) Les sources de I'ensemble J sont petites par rapport d la classe J — cell. 

(iv) J - cellcWn cof{L). 

(v) I - drtcWnJ - drt. 

(vi) W n cof{I) C co/( J) ouWnJ - drtcl - drt. 

2.3 DG-foncteurs quasi-equiconiques 

Un dg-foncteur de C vers V est quasi- equiconique si: 

(i) pour tons objets ci et C2 dans C, le morphisme de complexes de Homc(ci, C2) vers HomD(F(ci), F{c2)) 
est un quasi-isomorphisme et 

(ii) le foncteur H°(pre-tr(i^)) de H°(pre-tr(C)) vers H° (pre-tr (2?)) est essentiellement surjectif. 

On introduira une structure de categorie de modeles de Quillen a engendrement cofibrant dans dgcat dont 
les equivalences faibles sont les dg-foncteurs quasi-equiconiques. Pour cela, on se servira du theoreme l2.1l 
Nous definissons JC{n), n e Z, comme la dg-categorie avec deux objets 1, 2 et dont les morphismes 
sont engendres par / e HomJi:(„) (1, 2), g e Hom~J"„)(2, 1), ri e Hom~J^^)(l, 1), G Hom^^^^^ (2, 2) et 

ri2 G Hom]^7\ (1, 2) soumis aux relations df = dg = 0, dri = gf — li, dr2 = fg — I2 et dri2 — fri — r2f. 



On pose JC = /C(0). Soit A la dg-categorie avec un seul object 3 et telle que Hom_4(3, 3) — k. Soit F{n), 
n G Z, le dg-foncteur de A vers ]C{n) qui envoie 3 sur 1. Pour un entier n > et des entiers fco; • • ■ j ^n, 




g 
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soit Mn{kQ, . . . , kn) la dg-categorie avec n + 1 objets 0, . . . , n et dont les morphismes sont engendres par 
des morphismes qij definis pom- ^ j < i ^ n, de somxe j et de but i, de degre ki — kj + 1 et somiiis 
aux relations 

d{Q) + Q^^O, 

oil Q est la matrice strictement triangulaire inferieure de coefficients qij pour ^ j < i ^ n. 

Soit cone„(fco, ■ • ■ , fcn) la sous-dg-categorie pleine de la dg-categorie des dg-modules (a droite) sur 
Mn{ko, ■ ■ ■ , kn) dont les objets sont les /, ^ ^ ^ n, et le cone itere Xn, qui a le meme module gradue 
sous-jacent que le dg-module 

n 
1=0 

et dont la difFerentielle est dx + Q- 

Soit L : A ^ cone„(fco, . . . ,kn) le dg foncteur qui envoie 3 sur X„. On considere la somme amalgamee 

A — ^ cone„(fco, . . . , fc„) 

F J 

JC ^ cone„(fco, . . . , /c„) 11^ A: 

et on definit coneh„(fco, . . . , fcn) comme la sous-dg-categorie pleine de la somme amalgamee dont les objets 
sont les images des objets ^ Z ^ n, de cone„(fco, . . . , kn) et I'image Xhn de I'object 2 de K,. On note 
/„(fco, . . . , kn) le dg foncteur fidele, mais non plein, de Al„(fco, • ■ • , kn) dans coneh„(fco, . . . , kn). 

Theoreme 2.2. Si on considere pour categoric C la categoric dgcat, pour classc W la sous- categoric 
de dgcat des dg-foncteurs quasi-equiconiques, pour classc J les dg-foncteurs F et R{n), n ^ "L, (voir 
section \1.S^) . F{n), n £ 1, et /„(fco, . . . , fc„) et pour classe I les dg-foncteurs Q et S{n), n G Z, (voir 
section \l.S\) alors les conditions du theoreme \2.1\ sont satisfaites. 

A la proposition ! 2 . 1 Ol apres la demonstration du theoreme, nous allons donner une description explicite 
des objets fibrants de la structure de categoric de modeles obtenue ainsi. 

On observe facilement que les conditions (i), (ii) et (Hi) du theoreme 12.11 sont verifiees. 

Demontrons maintenant que J — inj n = / — inj. Pour cela, on considere la classe Surj formee des 
foncteurs G :TL I dans dgcat qui verifient : 

- G induit une surjection de I'ensemble des objets de TL sur I'ensemble des objets de I et 

- G induit des quasi-isomorphismes surjectifs dans les complexes de morphismes. 
Lemme 2.3. On a Surj ~ I — inj. 

Demonstration. La classe Q — drt est formee des foncteurs qui sont surjectifs au niveau des objets. La 
classe S(ri) — drt, n G Z est formee des foncteurs qui sont des quasi-isomorphismes surjectifs au niveau 
des complexes de morphismes. En effet, un carre commutatif dans dgcat 

C{n)^^n 



G 
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correspond a la donnee d'un carre commutatif dans la categorie des complexes 

Hom,^(D(8), Z?(9)) 

in G 

— ^ llomx{E{6), E{7)) 

ou -D(8) et D{9) sont des objets quelconques dans H. La propriete resulte de la caracterisation des 
quasi-isomorphismes surjectifs dans la categorie des complexes sur k. Voir [Hov99[ 2.3.5]. □ 

Lemme 2.4. On a Surj 3 J — injC] W. 

Demonstration. Soit L un dg-foncteur de T) vers S qui appartient a J — inj n W. La classe R{n) — drt 
est formee des dg-foncteurs surjectifs au niveau des complexes de morphismes. Comme L S W, il suffit 
de montrer que L est surjectif au niveau des objets. Soit E €z S vlh object quclconque. Comme L € W, 
il existe C G pre-tr(I?) et un morphisme ferme q de pre-tr(5) qui fournit un isomorphisme entre I'image 
par pre-tr(L) de C et i? dans H''(pre-tr(5)). On identifie les dg-categories T) et ZV avec leurs images 
dans pre-tr(I?). II existe alors trois possibilites : 

1. I'objet C appartient a la dg-categorie V. Alors on est dans les conditions de I'inclusion C du lemme 

[m 

2. I'objet C appartient a la dg-categorie ZD. Alors C est de la forme C — {C,n), oii C G P ct n G Z. 
On a la situation suivante 

C-((C),n) 

Z(L) 

ZiL){C)^iL{C),n)^^{E,0). 

Ainsi, q est I'image de / par un dg-foncteur de IC{—n) vers S. Comme on a i G J — inj, on pent 
relever le morphisme q et par consequence I'objet E. 

3. I'objet C appartient a la dg-categorie pre-tr(I?) mais non pas a la dg-categorie ZI>. On salt 
d'apres (BK90] que, dans pre-tr(I?), I'objet C s'ecrit d'une fagon canonique comme un cone itere 
sur des morphismes de V. Comme le dg-foncteur pre-tr(L) preserve les cones, I'object pre-tr(_L)(C) 
s'identifie au cone itere sur leurs images par L. On pent done construire le carre commutatif suivant 

M„{ko,...,kn) 

r 

can ^ 

1 ^ I 

cone„(fco, ■■ - ^kn) ^ pre-tr(iS) . 

Ainsi, q est I'image de / par un dg-foncteur de /C vers pre-tr(iS) qui envoie I'object 1 sur H{Xn) et 
I'object 2 sur I'object E. Le dg-foncteur H s'etend done en un dg-foncteur H de cone„(A;o, . . . , fc„)n^ 
K, vers pre-tr(iS). On observe que la restriction de 77, qu'on note a la dg-categorie pleine 
coneh„(fco, . . . , a son image dans la dg-categorie S. Cela permet de construire le diagramme 
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commutatif suivant 



Mn 




Comme L appartient a J — inj, I'objet E est bien I'image d'un objet de T). 

□ 

Soit B une dg-categorie et C un dg-foncteur de Al„(fco, . . . , A:„) vers B. 
Remarque 2.5. Le dg-foncteur C se prolonge en un dg-foncteur 

C, : Mod7W„(fco, . . . , fc„) ^ Mode 

adjoint a gauche de la restriction le long de C. Le dg-foncteur C admet un cone Y dans B si C{{Xn) est 
representable par un objet Y de B. C'est le cas ssi le foncteur C se prolonge en un dg-foncteur 

C : cone„(A:o, . . . ,kn) ^ B . 

Si G : B ^ B' est un dg-foncteur et C admet le cone Y dans B, alors G oC admet le cone G{Y) dans B'. 
Si G se factorise par la sous-dg-categorie pleine B\{Y} et admet le cone Y dans B, alors le carre 



Mn{ko, ■ ■■,kn) 



cone„(A:o, . • . , fc„) ■ 

est cocartesien. 

Ces remarques impliquent le lemme suivant. 

Lemme 2.6. Le carre commutatif 



B\{Y} 



B 



Mn{ko 



I ^n) 



I„{ko,...Mr,) 



coneh„(fco, . . . , A:„) 



■ cone„(fco, ■ ■ ■ , kn) Uj, K. 



cone„(fco, ■ ■ ■ ,kn) 

est cocartesien. 

Soit F : A ^ B un dg-foncteur. 
Remarque 2.7. Rappelons de [BK90] [Dri041 2.4] que les objets de pre-tr(^) sont des expressions formelles 
C = (©r=oC'iK]i9): oil Gi € A, ri G n ^ 0, q ^ (qij), (jy G Hom^(Cj, Q)[r^ - rj], qij = pour 

j, dq + q-^ = et le complexe de morphismes Hompj.g_|;j.(.^^(C, C") est un espace de matrices formelles 
/ = ifij)j fij G Horn (Cj, Cj')[r^ — rj], voir |BK90| . Le dg-foncteur pre-tr(i^) envoie done les expressions 
formelles en expressions formelles. Cela implique que la classe Surj est stable par application du foncteur 
pre-tr(— ) et qu'un objet de pre-tr(^) dont I'image par pre-tr(F) est dans B est en fait dans A. 
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Lemme 2.8. On a Surj C J — mjn W . 



Demonstration. Soit H un dg-foncteur de J\f vers £ dans la classe Surj. Comme H est surjectif au niveau 
des objets et un quasi-isomorphisme au niveau des complexes de morphismes, on a 77 G W . La classe 
R{n) — drt est formee des dg-foncteurs surjectifs au niveau des complexes de morphismes. II suffit de 
montrer que _ff a la propriete de relevement a droite par rapport a _F, F{n), n G Z, et /„(fco, . . . , k„). On 
considere ces trois cas : 



1. on sait par le lemme [T. 121 que H E F — drt; 

2. en effet, on a H £ F(n) — drt, n G Z, par un argument completement analogue au cas precedent; 

3. on considere le diagramme suivant : 

7\/(„(fco,---,fcn) 

/„(fco,...,fc„) 

coneli„(fco, • • ■ , fc„) — £ 



Le lemme [2761 permet d'etendre le dg-foncteur L en un dg-foncteur L de cone„(A:o, . . . 11^ IC 
vers pre-tr(5). 

Mn ^ 



A- 



\ 

coneli„ 



■ pre-tr(A/') 

L 



H 



K. cone„ 11^ IC ■ 



pre-tr(£) 



Puisque H appartient a la classe Surj et cette classe est stable par application du foncteur pre-tr(— ), 
voir remarque l2.71 on pent relever le dg-foncteur L vers pre-tr(A/'). Finalement, par la remarque l2.7|, 
la restriction du relevement du dg-foncteur L a la sous-dg-categorie pleine coneh„(fco, . . . ,kn) nous 
fournit un relevement du dg-foncteur L vers la dg-categorie A/". 



□ 



Lemme 2.9. On a J — cell C W. 



Demonstration. On sait deja par le lemme 11.101 que les classes F — cell et R{n) — cell sont formees des 
quasi-equivalences et done contenues dans la classe W. Soit n G Z et T : A —> un dg-foncteur 
quelconque. On considere la somme amalgamee suivante 



A- 



J 



F{n) 



IC{n) 



■U 



dans dgcat. II s'agit de verifier que inc G W . II faut verifier deux conditions: 

1. L'inclusion Yion\j{X, Y) Yion\i4{inc{X), inciY)) est un quasi-isomorphisme pour tons X,Y E J . 
Pour cela, on raisonne comme dans le cas ou on a le dg-foncteur F au lieu de F{n), voir lemme fl. 101 
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2. Le foncteur H'^(Z(mc)) : H*'(Z J/) H"(ZZ//) est essentiellement surjectif. En effet, la dg-categorie 
U s'obtient a partir de en rajoutant un nouvel objet S homotopiquement equivalent a un decale 
de I'objet T(3). Plus precisement, I'object (S*, 0) devient isomorphe a {T{3), —n) dans H°(ZZ^). 



Soit maintenant T : A^„(fco, 
gamee suivante 



. , /c„) — > un dg- foncteur quelconque. On considere la somme amal- 



/„(fco, •••,?=„) 

coneli„(fco, 



■J 



■U 



dans dgcat. II s'agit de verifier que inc G W . II faut verifier deux conditions: 

1. L'inclusion \louij{X, Y) \lomu{inc{X) , inciY)) est un quasi-isomorphisme pour tous X,Y € J. 
Dans le diagramme commutatif suivant, la dg-categorie TV est la somme amalgamee de S et cone„, 
et E est la somme amalgamee de TV et /C. 



■J 



A- 



\ 

coneh», 



H 



U 



K. cone„ Il^t IC ■ 



On pent identifier la dg-categorie TV a la sous-dg-categorie pleine des dg-modules (a droite) sur J 
dont les objets sont les dg-modules representees et le n-ieme cone itere sur I'image de la famille 
T{qij) par le foncteur de Yoneda. Le dg-foncteur L s'identifie alors au plongement de Yoneda 
et il est done pleinement fidele. Le dg-foncteur H s'identifie au dg-foncteur de TV vers la somme 
amalgamee avec IC. On salt d'apres le lemme 11.101 que H est done une quasi-equivalence. Notons 
maintenant que la dg-categorie U s'identifie a la sous-dg-categorie pleine de £ dont les objets sont 
ceux dans I'image du dg-foncteur 



conehn ^ cone„ 11^ /C — > f . 



Cela implique que inc satisfait la condition. 

2. Le foncteur II°(pre-tr(mc)) : Il'^(pre-tr(J')) — H''(pre-tr(Z//)) est essentiellement surjectif. En 
effet, la dg-categorie U possede un object de plus que la dg-categorie J, a savoir I'image de Xhn- 
Soit T{Xn), dans pre-tr(J'), le n-ieme cone itere associe au dg-foncteur T. Alors le lemme [2761 
nous montre que I'image de T{Xn) par le dg-foncteur pre-tr(mc) et Xh „ sont homotopiquement 
equivalents dans pre-tr(Z//). 

□ 



Nous avons verifie que J — cell C W (lemme 12. 9|) et que / — inj est egal a J — inj n (lemmes 12.31 
12.41 et [^?^ . Ces conditions impliquent celles du theoreme l2.1l 

Proposition 2.10. Les objets fibrants, pour la structure de categoric de modeles de Quillen du theoreme \2.S\ 
sont les dg-categories B telles que I'image essentielle du plongement 11*^(^3) ^ T>{B) est stable par sus- 
pensions et cones. 
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Demonstration. Soit n £ Z, ct B une dg-categorie fibrante. Soit X e H°{B) et X[n] e V{B) la n-ieme 
suspension de X dans V{B). L'objet X correspond a un dg-fonctcur L : A ^ B et puisque B est fibrante 
on dispose du diagram commutatif suivant 



A- 



B 



Notons que l'objet L{2) correspond a la n-ieme suspension de X dans la categoric H°(Mod(S)) et done 
dans 'D{B). Les objets L{2) et X[n] sont done isomorphes dans V{B). 

Soit maintenant [/] un morphisme dans H"(B) et cone([/]) le cone de [/] dans 'D{B). Le morphisme 
/ G Z°(i3) correspond a un dg-foncteur L : coneo(O) B et puisque B est fibrante on dispose du diagram 
commutatif suivant 

coneo(O) — — ^ B 
coneho(O) 



Notons maintenant que l'objet L{Xho) correspond au cone de [/] dans H°(Mod(;B)) et done dans 

Les objets L{Xha) et cone([/]) sont done isomorphes dans T>{B). Cela montre que I'image essentielle du 

plongement ll"{B) ^ 'D{B) est stable par suspensions et cones. 

Soit maintenant B une dg-categorie telle que I'image essentielle du plongement H''(;B) ^ 2?(6) est 
stable par suspension et cones. On considere les diagrammes suivants : 



A- 



B 



F{r, 



/„(fco,...,fc„) 



IC{n) 



conehniko, ... ,kn) 



■B 



Puisque la suspension dans 'D{B) des ;B-modules representables s'identifie a la suspension dans H°(Mod(S)), 
il existe un dg-foncteur L : IC{n) B tel que L o F{n) = L. D'une fagon analogue les cones iteres dans 
T>{B) entre S-modules representables s'identifient a les cones iteres dans H°(Mod(i3)). II existe done 
un dg-foncteur S : cone/i„(fco, . . . , kn) ^ B tel que S o I„(ko, . . . , kn) — S . Cela montre que B est une 
dg-categorie fibrante et la proposition est demontree. □ 



Remarque 2.11. On remarque que les conditions de la proposition 12.101 sont equivalents a ce que le 
dg-foncteur B ^ pre-tr(;B), voir |BK90j . soit une quasi-equivalence. 

Notation 2.12. On note Qeq la classe des quasi-equivalences, voir definition [L6l et Qec la classe plus large 
des dg-foncteurs quasi-equiconiques. On note par Heq et Hec les categories homotopiques de dgcat par 
rapport a ces classes et par Bfib un remplacement fibrant de la dg-categorie B par rapport a la structure 
de categoric de modeles de Quillen quasi-equiconique. 

Lemme 2.13. Les dg-categories Bfn, et pre-tr{B) sont isomorphes dans Heq. 
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Demonstration. On considere le carre commutatif 



B 



■ pre-tr(;B) 

pre—tr{F) 



Bfib ^ pTe-tr{Bfib) ■ 



Le dg-foncteur F appartient a la classe Qec et done par definition pre-tr(i^) appartient a la classe 
Qeq. Puisque la dg-categorie Bfib est fibrante, la proposition 12.101 implique que le dg-foncteur Bfib ^ 
pre-tr(;B/ib) appartient a la classe Qeq. Cela implique le lemme. □ 

Proposition 2.14. La structure de categorie de modeles de Quillen quasi- equiconique est la localisation 
de Bousfield a gauche, voir \HirOS\ 3.3.1], de celle du the oreme HOI par rapport a I'ensemble 

5:={F(l),F(-l),/o(0)}. 

Demonstration. On commence par montrer qu'une dg-categorie B est 5'- locale, voir [Hir03[ 3.4], si et 
seulement si elle est fibrante pour la structure quasi-equiconique. Notons que puisque les deux structures 
de modeles de Quillen sur dgcat ont les memes cofibrations, et done les memes fibrations triviales, le 
foncteur de remplacement cofibrant simplicial F*, voir [HirOBj . est le meme dans les deux situations. 
Puisque S est forme de foncteurs quasi-equiconiques, cela implique que si B est fibrante pour la structure 
quasi-equiconique, alors pour tout dg-foncteur L : A ^ C dans S, le morphisme induit 

Map(C,B) ^ Map(Ai3) 

est une equivalence faible d'ensembles simpliciaux. 

Soit maintenant B un objet S'-local dans dgcat. Montrons qu'il est fibrant. Par la proposition 12.101 
il s'agit de montrer que I'image essentielle du plongement H°(i3) ^ T>{B) est stable par suspensions et 
cones. On considere maintenant le cas des cones (I'argument pour le cas des suspensions est analogue). 
La donnee d'un morphisme ferme / de degre de i3 fournit un morphisme A^o(O) ^ B et done un objet 
de rep(y\/(o(0), B). Par la description de Map(— , — ) dans [Toe07| et I'hypothese sur B, le foncteur 

rep(coneho(0),B) ^ rep{Mo{0),B) 

est une equivalence. Cela implique qu'il existe bien dans B un objet C'{f) qui, dans "DB, devient isoniorphe 
au cone sur I'image de / par le foncteur de Yoneda. 

On montre maintenant qu'un dg-foncteur est quasi-equiconique si et seulement s'il est une S'-equivalence 
locale, voir |Hir03| 3.1.4]. Un dg-foncteur F est une ^-equivalence locale ssi Map(F, C) est une equivalence 
faible pour tout C S'-locale, ssi Map(F, C) est une equivalence faible pour tout C fibrant pour la struc- 
ture quasi-equiconique. Une fois que les foncteurs Map(— ,C) sont equivalents pour les deux structures, 
avec C fibrante (pour la structure quasi-equiconique), F est quasi-equiconique ssi est une ^-equivalence 
locale. □ 

Solent A et B des dg-categories et cani : Heq ^ Hec le foncteur canonique. 

Corollaire 2.15. On a une adjonction 

HomHec(cani(^), ;B) ^ HomHeq(^, B/ib) . 

Notation 2.16. On note Heq^^ la sous-categorie pleine de Heq dont les objets sont les dg-categories exactes, 
voir [Kel99| . On note inc : Heq^^ ^ Heq I'inclusion. 
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On rcmarque que le coroUaire 12.151 et le lemme 12.131 nous fournissent une equivalence de categories 
entrc Hec ct Heq^^.. On a done le diagramme suivant 




Hec 

On note rep^^{A, B) la sous-categorie pleine de la categoric derivee V{A°'^ ^''^B), voir [Dri04] [Kel94| . dont 
les objets sont les dg ^-S-bimodules X tels que X{1 , A) est isomorphe dans V{B) a un objet de I'image 
du dg-foncteur canonique pre-tr(;B) Mod;B, pour tout A € A. On note [X] la classe d'isomorphisme de 
X dans rep^^{A^ B). Pour une categoric essentiellement petite C, on note Iso(C) renscmble de ses classes 
d'isomorphisme. 

Corollaire 2.17. On a une bijection 

HomHec(^,S) ^ lso(rePec(^, S)) . 

Demonstration. D'apres le corollaire l2.15l et le lemme I^TT^ HomHec(-4, B) s'identifie a HomHeq (A, pre-tr(S)). 
Par |Toe07| on sait que cet ensemble s'identifie a Iso(rep(y^, pre-tr(;B)). On montre maintenat que la 
categoric rep^^{A,B) s'identifie a rep(^, pre-tr(S)). Le dg-foncteur canonique A°^^B — *■ (8)pre-tr(S) 
est pleinement fidele et le foncteur induit 

V{A°P ® 6) V{A°P (S) pre-tr(6)) 

envoie I'ensemble des dg-modules strictement representables dans T>{A°^ ^ B) vers un ensemble de petits 
generateurs. Ce foncteur est done une equivalence triangulee. Via cette equivalence la sous-categorie 
repgj,(^, yS) s'identifie a rep(^, pre-tr(;B)). 

Cela montre le corollaire. □ 



Remarque 2.18. On sait que les structures de categoric de modeles de Quillen dans dgcat du theoreme ll.81 
et du theoreme 12.21 ont les memes cofibrations et done les memes fibrations acycliques. Cela a pour 
consequence que 

- Le foncteur de remplacement cofibrant simplicial F*, voir |Hov99| . dans dgcat est le meme dans les 
deux situations. Cela implique que les corollaires l2.15[ et l2.17l sont encore vrais si on remplace Hom 
par I'espace de morphismes, Map, voir [Hov99| . et Iso(repgg(^, S)), dans le corollaire 12. 171 par le 
nerf de la sous-categorie de Mod(^°P ®^ B) dont les objets sont les memes que ceux de rep^^{A, B) 
et dont les morphismes sont les quasi-isomorphismes. 

- Le produit tensoricl — ®^ — de Heq descend a la localisee Hec. La categoric monoi'dale symetrique 
(Hec, — ®^ — ) est fermee, voir |Hov99j . et I'espace de morphismes interne de Hec, R Hom H„.-(^. B) 
s'identifie a R Hom H.gfA pre-tr(g)), voir [^e07j . 

2.4 Additivisation 

Soient A, B ei C des dg-categories. La composition dans Hec est induite par le bifoncteur 
- ®^ - : rep,,(AS) x rep,,(B,C) rep,c{A,C) 

(X, Y) I ^ x^of ®B y , 

oil Xcof est un remplacement cofibrant de X dans la categoric Mod(^°^0'^S), par rapport a sa structure 
de categoric de modeles de Quillen, voir |Toe07| . 
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Remarque 2.19. Le bifoncteur — (g) — est bi-triangulc, puisqu'il est induit par le dg-bifoncteur produit 
tensoriel de bimodules. 

Soit Heco la categorie qui a pour objets les petites dg-categories et telle que HomHeco (-^: 'B) est le 
groupe de Grothendieck de la categorie triangulee rep^^{A, B). L'operation de composition est induite 
par le bifoncteur — (g)"'— d'apres la remarque l2.19l On dispose d'un foncteur canoniquc addi : Hec HecQ. 

Lemme 2.20. La categorie Heco est additive et le foncteur canonique Hec Heco transjorme les produits 
finis et les coproduits finis en sommes directes. 

Demonstration. Par construction, les ensembles de morphismcs de Heco sont des groupes abeliens et la 
composition est Z-bilineaire. II reste a verifier que Heco possede des sommes directes. En efTet, montrons 
que la somme directe et le produit direct dans Heco sont les memes que dans dgcat. Puisque Ton a 

r&p^^{A\lB,C) i2 rep,,(AC) x rep,,(S,C) 

et que le groupe de Grothendieck preserve les produits, on a 

HomHeco (-4 n C) ^ HomHeco {A, C) ® HomHeco {B, C) . 

Un argument analogue montre aussi que A x B est bien le produit dans HecQ. □ 

Lemme 2.21. Le produit tensoriel — ®^ — de Hec, voir remarque \2.18l induit une structure monoi'dale 
symetrique sur Heco. 

Demonstration. Soient A^ B,C eiV des dg-categories. Comme dans la remarque 12.191 Ic bifoncteur 

rep^AA B) x rep,,(C, V) ^ rep,,(^ ®C,B®V) 

{X,Y) I ^Xcof®kY, 

ou Xcof est un remplacement cofibrant de X dans la categorie Mod(^°^(8)'^S), par rapport a sa structure 
de categorie de modeles de Quillen, est bi-triangule puisqu'il provient aussi d'un dg-bifoncteur. □ 

Remarque 2.22. Soit Heq^^^ la sous-categorie pleine de Heco dont les objets sont les dg-categories exactes. 
L'equivalence entre Hec et Heq^^ permet d'etablir une equivalence entre Heco et Heq^^^. 

Soit I la dg-categorie avec objets 1, 2 et dont les morphismes sont engendres par mi2 G Homj(l,2) 
soumis a la relation dmi2 — 0. Pour une dg-categorie A, on note T(^) la dg-categorie X g) ^. On dispose 

de deux inclusions canoniques A -A T(^) elA-^ T{A) et d'une projection canonique T(^) A. 

Remarque 2.23. La donnee d'un ^-;B-bimodule X est equivalente a la donnee d'un dg-fonctcur X : 
A — >• Mod-i3. Puisque la categorie monoi'dale symetrique (dgcat, ®) est fermee, un ^-T(i3)-bimodule X 
s'identifie a la donnee d'un morphisme de ^-B-bimodules. 

On note egalement ii et i2 les morphismes de Hec associes respectivement aux inclusions ii et 12- Soit 
F : Hec C un foncteur a valeurs dans une categorie additive C. 

Theoreme 2.24. Les conditions suivantes sont equivalentes : 

1) Le foncteur F est compose d'un foncteur additif Heco C et du foncteur canonique Hec — > HecQ. 

2) Fourtoutes dg-categories A, B, I'identite F{[X])+F{[Z]) = F{\Y]), est verifiee dans}lomc{F{A), F{B)) 
pour tout triangle X ^ Y ^ Z ^ X [1] de repg^(^, B). 
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3) Pour toute dg-categorie A, le morphisme 

F{A)®F{A) FiTiA)) 

est un isomorphisme dans C. 

4) Pout toute dg-categorie pretriangulee A munie de sous-dg-categories pleines pretriangulees B et C 
qui donnent lieu d une decomposition semi-orthogonale H''(^) — (H°(i3), H''(C)), voir \BLL04f , le 
morphisme 

F{B) ® F{C) F{A) 
induit par les inclusions est un isomorphisme dans C. 

Demonstration. Les conditions 1) et 2) sont equivalentes par construction du groupe de Grothendieck 
d'une categoric triangulee. Clairement la condition 4) implique la condition 3). Montrons maintenant que 
la condition 3) entraine la condition 2). Pour une dg-categorie notons Modc/f la sous-categorie des 
objets cofibrants de Modf . Dans la suite, nous supposons que B est cofibrant en tant que dg-categorie. 
La categorie ModT(i3) s'identifie a la categorie des morphismes (fermes de degre 0) 

M2 ^ Ml 

de Modi3. Les objets cofibrants correspondent aux cofibrations entre objets cofibrants de ModS. Pour 
un objet cofibrant M, on dispose d'une suite exacte 

M2 ^ Ml Cok/ ^ 

de yiodB fonctorielle en M . Notons 

0^ P2^ Pl^ Pl/P2^^ 

la suite de dg-foncteurs de Modc/T(B) dans MoAcfB obtenue ainsi. Clairement, les foncteurs P2, Pi, 
P1/P2 envoient les dg-modules representables sur des dg- modules representables et donnent done lieu a 
des objets dans rep{T{B),B). Soit 

X ^ Z ^ X[l] 

un triangle de rep^^{A, B). II est isomorphc dans T>{A°p 0^ B) au triangle associe a une suite exacte 
courte 

X' A r' ^ Z' ^ 

de bimodules cofibrants. Nous pouvons considerer le morphisme A/ — {X' -^■ Y') comme un dg-foncteur 
de Modcf{A) dans Mode/ T{B). Clairement, il donne lieu a un objet de rep(^, T{B)). Nous avons 

P2{M)=X', Pi{M) = Y', (Fi/P2)(M) = Z' 

dans Hec. Pour montrcr que Ton a F{X') + F{Z') = F{Y'), il suffit done de verifier que 

P(P2)+P(Pl/P2) -P(Pl). 

Notons 

h : L I ^ (0 L) 

I2 : L I ^ (L i> L) 
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les dg-foncteurs de Mode/ .4 dans Modc/T(^) induits par «i ct 22 • Clairement, nous avons 

(Pi/P2)o/i = 1, (Pi/P2)o/2 =0, P2 0/1 = 0, P2 0/2 = 1 
dans Hec. II s'ensuit que dans la categorie additive C, nous avons 



■P(P1/P2) 
F(P2) 



1 
1 



et done 



De I'autre cote, nous avons 



dans Hec et done 



[P(/l) P(/2)] 

(P(Pl/P2) + P(P2)) o [F{h) Fih)] = [1 1] . 

Pi 0/1 = 1, Pi 0/2 = 1 



P(Pl)o[P(/i) P(/2)] = [l 1] 

dans C. Comme [P(/i) -^'(-^2)] est inversible, il s'ensuit que Ton a bien 

P(Pl/P2) + P(P2) =P(Pl). 

Montrons maintenant que la condition 1) implique la condition 3). Ecrivons F comme compose d'un 
foncteur additif F : Heco — > C et du foncteur canonique Hec — > Heco- Nous avons 

FA®FA:^F{A®A). 

II sufRt done de montrer que dans Heco, le morphisme canonique 

^ e ^ — > T{A) 

devient inversible. Par le lemme de Yoneda, il suffit de montrer que pour toute dg-categorie W, I'application 

Ko(rep,,(W,^)) © Ko(rep,,(W,^)) Ko(rep,,(W, T(^))) 

est bijective. Ceci resulte du fait que la categorie triangulee rep^^{h{,T{A)) admet une decomposition 
semi-orthogonale en deux sous-categories equivalentes a repg^{h{,A). En efFet, si X est un objet de 
repge(W, T(^)) qui est cofibrant dans 

Mod(W°f 8) T(^)) ^ Mod(T(W°^' (g) A)) , 

nous pouvons I'identifier avec une cofibration X2 Xi entre objets cofibrants appartenant a rep^^{U, A). 
Alors le triangle associe a X par la decomposition semi-orthogonale est induit par la suite exacte de 
morphismes 

> X2 = X2 > > 




X1/X2 



Un argument analogue au precedent montre que la condition 1) implique la condition 4). 



□ 
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2.5 DG-foncteurs de Morita 

Soit T une categorie triangulee. On note sa completion idempotente, voir |BS01| . Ici, Texposant 
represente la moitie du symbole ®. Un dg-foncteur de C vers £ est de Morita s'il satisfait I'une des 
conditions (Ml) ou (A/2) : 

(Ml) — la dg-categorie C est vide et tons les objects de la dg-categorie £ sont contractiles. 

(M2) - pour tons objets ci et C2 dans C, le morphisme de complexes 

Homc(ci,C2) Hom£:(i^(ci),F(c2)) 

est un quasi-isomorphisme et 
- le foncteur H'^(pre-tr(F))^ de H°(pre-tr(C))^ vers H°(pre-tr(f ))^ est essentiellement surjectif. 

Remarque 2.25. Lcs dg-fonctcurs H verifiant {Ml) ne verifient pas (M2) si £ est non vide puisque 
pre-tr(0) ~ 0. La notion de dg-foncteur de Morita est importante car un dg-foncteur F : C ^ £ est de 
Morita si et seulement s'il induit une equivalence 

F* : V{£) ^ V{C) 

dans les categories derivees, voir [Kel94| . 

On introduira une structure de categorie de modeles de Quillen a engendrement cofibrant dans dgcat 
dont les equivalences faibles sont les dg-foncteurs de Morita. Pour cela, on se servira du theoreme l2.1l 

Soit idem la dg-categorie avec un seul object et dont les morphismes sont engendres par I'endomorphisme 
e de degre tel que de = et — e. Pour un entier n > et des entiers k^, . . . , fc„, soit idem„(fco, . . . , fc„) 
la dg-categorie obtenue a partir de la dg-categorie Al„(fco, . . . , kn) en rajoutant de nouveaux generateurs 
et relations : on rajoute, pour tons ^ ^ n, des morphismes e^j de source j et de but i de degre 
ki — kj soumis aux relations 

d{E) =0 et E'^ ^ E, 

oil E est la matrice de coefficients j . 

Pour n > 0, soit fact„(/co, • • ■ , A:„) la sous-dg-categorie pleine de la dg-categorie des dg-modules (a 
droite) sur idem„(A:o, . ■ • , fcn) dont les objets sont les ^, ^ / < n et le facteur directe X„ associe a 
I'idcmpotcnt E du cone itere qui a le meme module gradue sous-jacent que le dg- module 



et dont la differentielle est dx + Q- 

On note Ln{ko, . . . , /c„) le dg-foncteur naturel et pleincmcnt fidele, de idem„(fco, ■ ■ ■ ,kn) dans fact„(fcoi ■ ■ 
On considere Ln{kQ, . . . , /c„) comme un objet de la categorie des morphismes de dgcat munie de sa struc- 
ture de categorie de modeles canonique (oii une equivalence faible est une quasi-equivalence en chaque 
composante). On choisit, une fois pour toutes, un remplacement cofibrant Z/i„(fco, . . . , fc„) de cet objet : 

idem„(fco, . . . , /c„) « idemh„(fco, . . . , fc„) 



L(fco,...,/c„) 



Uln{kQ,...,kn) 



factn(/co, . ..,kn) -^^^ — facthn(A;o, . . . , . 
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Notation 2.26. On note par idem, resp. idemh, la dg-categorie idemo(O), resp. idemho(O) et par fact, 
resp. faeth, la dg-categorie facto (0), resp. factlio(O). 

Nous definissons B comme la dg-categorie avec un seul object 7 et dont les morphismes sont engrendres 
par Tendomorphisme h de degree —1 soumis a la relation d{h) — I7. Soit C I'unique dg-foncteur de la 
dg-categorie vide O vers B. 

Theoreme 2.27. Si on considere pour categoric C la categoric dgcat, pour classc W la sous-categoric 
de dgcat des dg-foncteurs de Morita, pour classc J Ics dg-foncteurs F et R(n), n G (voir section [1.3\) . 
F{n), n ^ Ti, In{ko, ■ ■ ■ , kn), Lhn{kQ, ■ ■ ■ , kn) et C et pour classc I Ics dg-foncteurs Q et S{n), n G 
(voir scction [1.3\) . alors les conditions du theoreme \2.1\ sont satisfaites. 

A la proposition ! 2 . 34] apres la demonstration du theoreme, nous allons donner une description explicite 
des objets fibrants de la structure de categorie de modeles obtenue ainsi. 

Une fois que tons les objets dans dgcat sont petits, voir |Hir03[ 10.4.1], les conditions (i), (ii) et (Hi) 
du theoreme 12.11 sont verifiees. Pour verifier les autres conditions, nous avons besoin d'un certain nombre 
de lemmes. 

Lemme 2.28. Soit A une petite dg-categorie. 

a) Soit e un cndomorphisme idcmpotcnt d'un objet A de H^{A). Alors il existe un isomorphismc 
F : A A' dans Heq et un idcmpotcnt ferme e dans A' {FA, FA) tcl que I'imagc de e par H^{F) 
est egale d la classc de e. 

b) Tout fonctcur idem H^{A) sc rcleve cn un morphisme idemh A de dgcat. 

Demonstration, a) Dans la categorie derivee 'D(A), les idempotents se scindent puisque 'D{A) est une 
categorie triangulee aux coproduits denombrables. L'idempotent e donne done lieu a une decomposition 

A^P®Q 

dans 2?(-4) telle que e corresponde a I'endomorphisme Ip © 0. On pent, et on va, supposer que P et Q 
sont des dg-modules cofibrants et que nous avons un quasi-isomorphisme surjectif p : F Q) Q A. Notons 
B la sous-categorie pleine de Cdg{A) dont les objets sont P(BQ et les foncteurs representables autres que 
A. Notons A' la sous-categorie non pleine de B qui a les memes objets que B et telle que pour tout X 
dans on a 

A'iX,P®Q)=B{X,P®Q) 

et A'{P (B Q,X) C B{P ® Q, X) est forme des morphismes qui s'annulent sur le noyau de p. On a des 
dg-foncteurs canoniques 

B ■< A' ^ A 

et il n'est pas difficile de constater que ce sont des quasi- equivalences (bijectives sur les objets). Dans Heq, 
ces dg-foncteurs donnent lieu a I'isomorphisme annonce F : A —^ B. Pour e, on prend I'endomorphisme 

ip eo. 

b) La donnee d'un fonctcur idem H'^{A) donne lieu a un idcmpotcnt e d'un objet A de A. Grace 
a a), on obtient un isomorphismc B A dans Heq ct un morphisme idem B dans dgcat tels que le 
foncteur compose 

i/"(idem) ^ H"{B) ^ H"{A) 
est le foncteur donne. Considcrons la composition 

idemh idem B ^ A 

dans Heq. Puisque idemh est cofibrant, cette composition se releve en un vrai morphisme idemh —>■ A 
dans dgcat. La construction montre qu'il a la propriete requise. □ 
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Lemme 2.29. Soit U : A ^ B un dg-foncteur entre petites dg- categories. Supposons donne un carre 
commutatif de categories 

idem ^H°{A) 

H°{U) 

fact 

Alors il existe un carre commutatif de dg- categories 

idcmh ^ A 

u 

facth ^ B 

dont les fleches horizontales sont des releves (stricts) des fleches du diagramme donne. 

Demonstration. Notons A Pimage de I'objet de idem, B = UA I'image du 'grand' objet de fact et 
B' I'image de I'objet 'facteur direct' de fact. Notons e le morphisme de H^{A) qui est I'image du 
morphisme eg de idem. Comme dans le lemme ci-dessus, nous choisissons une decomposition A P(BQ 
dans la categoric derivee de A telle que P est une image pour e et F et Q sont cofibrants. Relevons 
I'isomorphisme A ^ P (B Q enun morphisme dans Cdg{A) (qui sera done une equivalence d'homotopie). 
Le foncteur U s'etend en un foncteur U] de Cdg{A) vers Cdg{B) (adjoint a gauche de la restriction le 
long de U) et nous pouvons supposer que U\{A) ^ UA = B et que, plus generalement, I'image par U\ 
d'un module representable A" est le module representable UA". Nous obtenons ainsi un morphisme 
U\{P (B Q) ^ B dans Cdg{B) (qui est une equivalence d'homotopie) et nous choisissons une equivalence 
d'homotopie U\{P) B' compatible avec les donnees provenant du carre commutatif de depart. Nous 
dcfinissons A' comme la sous-dg-categorie pleine de la dg-categorie ViCdgiA)) (voir definition 14. ip dont 
les objets sont les equivalences d'homotopie identiques 

A" A" 

pour tons objets A" de A distincts de A et I'equivalence d'homotopie 

A^P(SQ. 

Le foncteur naturel A' ^ A (projection sur la premiere composante) est alors bijectif au niveau des 
objets et induit des quasi-isomorphismes surjectifs dans les espaces de morphismes. De fagon analogue, 
nous definissons B' comme la sous-dg-categorie pleine de V{Cdg{B)) dont les objets sont les equivalences 
d'homotopie identiques 

B'' 

pour tons objets B" de B distincts de B et _B', et les equivalences d'homotopie construites 

i? ^ U\{P®Q) etB'^ U\{P). 

Par construction, le dg-foncteur U\ induit un dg-foncteur U' : A! B' . Finalement, nous definissons 
A!' comme la sous-dg-categorie pleine de Cdg{A) dont les objets sont les images de ceux de A! par la 
deuxieme projection et de fagon analogue pour B" . Le foncteur U' induit un foncteur U" : A" B" . 
Les deux projections definissent alors des morphismes de morphismes de dg-categories 



U ^ U' U' 
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et ces morphismes ont pour composantes des quasi-equivalences (bijectives au niveau des objets). Notons 
Uq le morphisme de (dg-)catcgorics idem fact. Nous obtenons ainsi un morphisme de Uq = H^{Uo) 
vers H^{U"). Notre construction de A!' , B" et U" nous permet alors de relever ce morphisme en un 
morphisme Uo — > U", c'est-a-dire en un carre commutatif de dg-foncteurs 

idem ^ A 

u 

fact ^ B. 

Notons Uho le dg-fonctcur idcmh facth. Par construction, Uho — > Uq est un remplacement cofibrant 
dans la categoric des morphismes de dgcat. Les morphismes 

U U' ^ U" 

sont des equivalences faibles dans cette categoric. On peut done trouver un morphisme Uho — ^ U dans la 
categoric des morphismes de dgcat tel que le diagramme 

Uho ^C^o 



U ^ U' ^ U" 

commute dans la categoric homotopique de la categoric des morphismes de dgcat. On verifie facilement 
que le carre commutatif correspondant a Uho U a les proprietes requises dans I'enonce. 

□ 



Lemme 2.30. Surj — J — injCi W . 

Demonstration. Montrons I'inclusion D. Soit H un dg-foncteur de V vers S qui appartient a J — mjCiW. 
On montre maintenant que H satisfait forcement la condition (M2). Supposons que H satisfait la 
condition (Ml). Si V est vide, alors H satisfait (M2). Supposons que V est non vide. Alors il existe un 
object X dans S et un morphisme h, de degree —1 tel que d{h) = Ix- On peut done construire le carre 
naturel commutatif suivant : 



O 



■■v = o 



H 



B- 



■S. 



Puisque H appartient a J — inj, on a un dg-foncteur de B vers O. On obtient done une contradition. 
Cela montre que H satisfait la condition (M2). 

Maintenant on montre que H est en effet un dg-foncteur quasi-equiconique. Le dg-foncteur H a 
la propriete de relevement a droite par rapport aux dg-foncteurs ]Jin{ko , ■ ■ ■ , kn) , n ^ 0, et done le 
dg-foncteur 

pre-tr(iJ) : pre-tr(D) — > pre-tr(S') 

I'a par rapport au dg-fonctcur idcmh facth. Puisque H est par hypothcse de Morita, le foncteur 
H°(pre-tr(i?)) est pleinement fidelc ct on dispose d'unc equivalence de categories 



H°(pre-tr(P))B ^ H°(pre-tr(<S))^ 
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Soit maintenant X G pre-tr(iS). L'objet X est done isomorphe dans H''(pre-tr(iS)) a un faeteur direet 
d'un objet qui est dans I'image par H*'(pre-tr(i?)). Cela nous permet de eonstruire un earre eommutatif 
de categories 

idem ^ H°(pre-tr(P)) 



fact ■ 



HO(pre-tr(S')) 



tel que F{Cq) = X . Par Ic Icmmc [2.291 on dispose d'un carre eommutatif 

idemh ^ pre-tr(I?) 



facth ■ 



prc-tr(5) . 



oil Fh est un releve strict de F. Cela implique que le foncteur pre-tr(iJ) est essentiellement surjectif 
et done H est un dg-foncteur quasi-equiconique. Puisque iJ a la propriete de relevement a droite par 
rapport aux cofibrations triviales generatrices de la structure quasi-equiconique, le lemme 12.41 implique 
c^ue H appartient a Surj. 

Montrons maintenant I'inclusion C. Soit H un dg-foncteur de M vers £ dans la classe Surj. Comme 
H est surjectif au niveau des objets et un quasi-isomorphisme au niveau des complexes de morphismes, 
on a e W . La classe R{n) — drt est formee des dg-foncteurs surjectifs au niveau des complexes de 
morphismes. II sufSt de montrer que a la propriete de relevement a droite par rapport a _F, F(n), 
n S Z, /„(fco, . . . , kn) et i/i„(fco, ■ • ■ , fcn) et C. On considere ces trois cas : 

1. on salt par le theoreme precedent que H ^ F — drt, H G F{n) — drt et H ^ In{ko, ■ ■ ■ , fc„) — drt. 

2. On considere le diagramme suivant : 



idemh„(fco, . . . , fc„) 



lJi„(ko,...,k„) 



facth„(fco, . . . ,kn) 



H 



■e 



Puisque H est une fibration triviale et IIin{ko, . . . , fc„) une cofibration, le dg-foncteur H a la, pro- 
priete de relevement a droite par rapport a IIin{kQ, . . . , fc„). 

3. On considere le diagramme suivant : 




Soit X I'image par T de l'objet 7 de B. Puisque H appartient a Surj, il existe un object Y dans A/" 
tel que H{Y) = X. Maintenant puiqu'on dispose d'un quasi-isomorphisme surjectif de dg-algebres 
de EndA/'(y) vers Ends{X), un argument classique montre qu'on peut relever le long de H une 
contraction de Y vers une contraction de X. Cela nous fournit le relevement recherche. 



□ 
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Soient U une petite dg-categorie at 

T : idemh„(fco, • 
un dg-foncteur. Soit la somme amalgamee 

T 



idemh„ 

Lh„ 

facth„ 



,k„) 



■U 



T' 



V 



dans dgcat. 



Lemme 2.31. Le dg-foncteur L' est de Morita. La restriction I?(V) — > "DilA) le long de L' induit une 
equivalence de H^{V) sur la sous-categorie pleine de T>(U) formee des foncteurs representables et de 
I 'image du facteur direct Xn ( voir la definition de facth„ J par la composition 



X'(idem„) 



■ I?(idenih„) 



LTi 



V{U). 



Remarque 2.32. Le lemme montre que le carre induit 

idem„ ^H"{U) 



fact„ *-i7°(V) 

est cocartesien (a isomorphisme pres). 

Demonstration. Soit W une petite dg-categorie. Puisque le morphisme idemh„ — > facth„ est une cofibra- 
tion entre dg-categorie cofibrantes, la somme amalgamee est aussi une somme amalgamee homotopique. 
Done le carre 

Map(idemh, W) Map(iY, W) (2.1) 



Map(facth, W) ^ Map(V, W). 

est homotopiquement cartesien. D'apres le theoreme principal de [Toe07| . les groupes ttq dans ce dia- 
gramme sont en bijection avec les classes d'isomorphisme et les groupes d'homotopie superieurs avec les 
espaces d'extensions superieures dans les categories du carre correspondant 

rep(idemli, W) ^ rep(W, YJ) (2.2) 



rep(factli, W) ^ rep(V, W). 

Or, ici la fleche verticale de gauche s'identifie au foncteur 

rep(fact,>V) rep(idem, W) 

induit par la restriction de modules sur fact°^ (g) W a idem"/' ® W. Or la dg-categorie fact°^ ® W est 
obtenue a partir de idem°''(g)yV en rajoutant des facteurs directs de foncteurs representables. La restriction 
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est done pleinement fidele et preserve le caractere cofibrant d'un module. EUe induit done un foneteur 
pleinemcnt fidele dans les eategorie derivees et le foneteur 

rep(faet„, W) rep(idem„, W) 

induit une injeetion dans les classes d'isomorphisme et des bijeetions dans le groupes d'extensions 
superieurs. II s'ensuit que le morphisme 

Map(faetli„,yV) Map(idemli„, W) 

est un monomorphisme homotopique. Graee au earre homotopiquement eartesicn (|2.ip . le morphisme 

Map(V, W) ^ Map(W, W) 

est egalement un monomorphisme homotopique. Ainsi, le dg-foneteur U ^ V induit un foneteur pleine- 
ment fidele 

V{V°P ® W) ^ ViWP W). 

En prenant pour W la dg-categorie finale, nous obtenons que U —^ V est quasi-pleinement fidele. Les 
classes d'isomorphisme d'objets de i?°(V) proviennent de eeux de U et de eeux de iJ'^(faeth„), qui est 
equivalent a fact„. Ceci nous donne que D{V) T^{1^) est une equivalence et la description de I'image 
de H°{V) dans V{U). □ 

Lemme 2.33. On a J - cell C W. 

Demonstration. On salt deja par le theoreme precedent que les classes F — cell, R{n) — cell, F{n) — cell 
et In{ko, . ■ . , kji) — cell sont formees de dg-foncteurs quasi-equieoniques done contenues dans la elasse W. 
II est clair que la elasse C-cell est eontenue dans W. 

Soit maintenant T : idemh„(fco, • • ■ , ^n) ^ ^ un dg-foneteur quelconque. On considere la somme 
amalgamee suivante 



idemh„(fco, . 
faeth„(fco, . . 

dans dgcat. II resulte du lemme [^3T] que inc e W. 



1 kn) 



■U 



V 



□ 



Nous avons verifie que J — cell C W (lemme I2.33|) et que / — inj est egal a J — inj n (lemmes 
et I2.30p . Ces conditions impliquent celles du thcorcmc l2.1l 

Proposition 2.34. Les dg- categories Morita fibrantes, c'est-a-dire les objets fibrants pour la categoric 
de modeles de Quillen du theoreme \2.27\ sont les dg-categories A non vides telles que I'imagc essentielle 
du plongement H'^{A) ^ T^{A) est stable par suspensions, cones et facteurs directs. 

Demonstration. Soit A une dg-categorie Morita fibrante. On montre maintenant que A ne pent pas etre 
la dg-categorie vide. Suposons que = 0. Puisque A est Morita fibrante il existe un dg-foneteur E 



/ 

E 



B 
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Puisque B est non vide on obtient done une eontradiction. Par la proposition 12.101 le plongement 
H°(^) ^ est stable par suspensions et cones. II reste a montrer qu'il est aussi stable par facteurs 

directs. Soit X G H°(pre-tr(^)) et e un idempotent dans Endx)(^) (-^). Cela correspond a un foncteur 
idem H°(pre-tr(y^) et par le lemme [2.281 on a un dg- foncteur L : idemh pre-tr{A). Puisque A est 
une dg-categorie Morita fibrante on dispose du diagramme commutatif suivant 



idemh ^ A 



facth 

Notons que le facteur direct associe a L est isomorphe dans T>{A) an facteur direct associe a I'idempotent 
e. 

Soit maintenant A une dg-categorie non- vide telle que I'image essentielle du plongement H'^(^) ^ 
^{A) est stable par suspensions, cones et facteurs directes. Par la proposition l2.101 le dg-foncteur ^ ^ 
a la propriete de relevement a droite par rapport aux dg-foncteurs F{n), R{n) et /n(fco, • ■ • , kn), n G Z. 
On montre maintenant qu'il a la propriete de relevement a droite par rapport a C. Puisque A est non 
vide, il existe un objet X € A. On considere le diagram 

coneo(O) — — A 

Io{0) 

coneho(O) 

oil le dg-foncteur L correspond au morphisme identite de X. Alors L{Xho) est un objet contractile dans 
A et il existe done un morphisme R comme dans le diagramme suivant. 

^A 



B 

On montre maintenant que le dg-foncteur ^ ^ a la propriete de relevement a droite par rapport aux 
dg-foncteurs Z/i„(fco, ■ ■ ■ ,kn),n G Z. On se donne mi diagramme 



idemh„(fco 

V 

L„(fco,...,fe„) 



facth„(fco, . 



1 kn) 



A 



et on forme le carre cocartesien 



idemh„(fco 

L„{ko.,...Mr,) 

facth„(fco. 



I kn) 



A 

V 



B. 



Par le lemme \2.'Sll le foncteur A ^ B est quasi-pleinement fidele et la categorie H^{B) est obtenue a 
partir de H^{A) en rajoutant un facteur direct d'une extension iteree. Or, par hypothese, la categorie 
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H'^{A) est stable par rajout d'extensions iterees et de facteurs directs. Done le foncteur A B est une 
quasi-equivalence. Mais il est aussi une cofibration pour la structure dont Ics equivalences faibles sont 
les quasi-equivalences (puisque le foncteur idemh„ — > facth„ est une telle cofibration) . La dg-categorie B 
est fibrante pour cette structure (comme toute petite dg-categorie). Done le foncteur A ^ B admet une 
retraction. Cela montre la proposition. □ 

On note M.or la classe des dg-foncteurs de Morita et Hmo la categorie homotopique de dgcat par 
raport a cette classe. 

Proposition 2.35. La structure de categorie de modeles de Quillen du theoreme \2.27\ est la localisation 
de Bousfield a gauche, voir \Hir03l 3.3.1], de la structure quasi- equiconique, par rapport au morphisme 

LliQ : idemh —> facth . 

Demonstration. On commence par montrer qu'une dg-categorie B est LhQ-\ocale, voir |Hir03[ 3.4], si 
et seulement si elle est Morita fibrante. Notons que puisque les deux structures de modeles de Quillen 
sur dgcat ont les memes coflbrations, et done les memes fibrations triviales, le foncteur de remplacement 
cofibrant simplicial T* , voir iHirOS], est le meme dans les deux situations. Puisque LIiq est un dg-foncteur 
de Morita, cela implique que si B est Morita fibrante, le morphisme induit 

Map(facth,i3) ^ Map(idemli, B) 

est une equivalence faible d'ensembles simpliciaux. 

Soit maintenant B un objet Lho-local dans dgcat. Montrons qu'il est Morita fibrant. Par la proposi- 
tion l2.34l il s'agit de montrer que I'image essentielle du plongement H°(i3) ^ T>{B) est stable par suspen- 
sions, cones et facteurs directs. Une fois que B est fibrante pour la structure quasi-equiconique proposi- 
tion [^TTUliinplicLue que le plongement H*'(B) ^ 'D{B) est deja stable par suspensions et cones. Maintenant 
la donnee d'un idempotent e dans H°(S) se releve, par lemme [^.281 en un morphisme idemh B et four- 
nit done une objet de rep(idemh, B). Par la description de Map(— , — ) dans IToe07| et I'hypothese sur B, 
le foncteur 

rep(idemh,Z?) rep(facth,B) 

est une equivalence. Cela implique qu'il existe bien dans B un objet Fg qui, dans VB, devient isomorphe 
au facteur directe associe a I'idempotent e. 

On montre maintenant qu'un dg-foncteur est de Morita si et seulement s'il est une L/iQ-equivalence lo- 
cale, voir [Hir03|, 3.1.4]. Un dg-foncteur F est une L/io-equivalence locale ssi Map(i^, C) est une equivalence 
faible pour tout C Lho-\oca\e, ssi Map(F, C) est une equivalence faible pour toute C Morita fibrante. Une 
fois que les foncteurs Map(— ,C) sont equivalents pour les deux structures, avec C Morita fibrante, F est 
de Morita ssi c'est une L/ip-equivalence locale. □ 

Solent ^ et ;B des dg-categories et can2 : Heq Hmo le foncteur canonique. La proposition 12 . 351 et le 
corollaire 12.151 impliquent : 

Corollaire 2.36. On a une adjonction 

HomHmo(can2(^),S) ^ RomH^qiA, Bfn) , 

oil Bfib est un remplacement Morita fibrant de la dg-categorie B. 

Soit Heq^jfj la sous-categorie pleine de Heq formee des dg-categories Morita fibrantes. On note inc : 
Heqjjj ^ Heq I'inclusion evidente. Le corollaire 12.361 a comme consequence le 
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Corollaire 2.37. On a une equivalence de categories 

Heq j Heq^.fe 



ca7i2 




Hmo 

Soit Heq^j^^ la sous-categorie pleine de Heq^^, voir notation I2.16[ formee des dg-categories A telles 
que I'image du plongement h : H"(^) ^ est stable par facteurs directs. 

Lemme 2.38. Les categories Heq^.^,. et Heq^jf, sont equivalentes. 

Demonstration. Soir B G Heq^jj,. Alors on a une quasi-equivalence 

B pre-tr(^) . 

Par proposition I2.34[ pre-tr(Z5) est Morita fibrante et une fois qu'elle est aussi exacte elle appartient a 
Heqfca,.. □ 

On note rep^g^{A, B) la sous-categorie pleine de la categoric derive V{A°p 0^ B), voir jDri04| |Kel94| . 
dont les objets sont les dg -bimodules X telles que X{1,A) est isomorphe dans V{B) a un objet de 
Timage du dg-foncteur canonique H°(pre-tr(;B))^ H°(Mod6), pour tout A G A. 

Corollaire 2.39. On a une bijection 

HomHmo(-4, B) Iso(rep.,„or(-4, B)) . 

Demonstration. D'apres le corollaire 12.361 HomHmo(-4, ;S) s'identifie a Ilomy\eq{A, B fib) . Par [Toe07j on 
salt que ce dernier ensemble s'identifie a Iso(rep(^, ;B/ib)). On salt par le lemme [^.381 que Bfib est 
isomorphe dans Heq a une dg-categorie qui appartient a Heq^.^^. Cela implique que rep(^, Bfib) s'identifie 
a rep^^^{A, B), d'ou le resultat. □ 

Remarque 2.40. On salt que les structures de categoric de modeles de Quillen dans dgcat de [Tab05bj et 
du theoreme 12 . 271 out les memes cofibrations et les memes fibrations acycliques. Cela a pour consequence 
que 

- Le foncteur de remplacement cofibrant simplicial F*, voir fHov99] , dans dgcat est le meme dans les 
deux situations. Cela implique que les corollaires l2.36i 12.371 et [2.39l sont encore vrais si on remplace 
Hom par I'espace de morphismes, Map, voir [Hov99| . et Iso(rep,„Q^(^, ;B)) dans le corollaire 12.391 
par le nerf de la sous-categorie de Mod(^°'' (si^ B) dont les objets sont les memes que ceux de 
rep^g^{A,B) et dont les morphismes sont les quasi-isomorphismes. 

- La categoric monoi'dale symetrique (Hmo, —(g)^—) est bien definie et fermee, voir [Hov99| . et I'espace 
de morphismes interne de Hmo, R Hom Hmo(-^- s'identifie a R Hom Hcq(.A, Bfih). voir [Toe07| . 



2.6 Invariants 

Soient A, B et C des dg-categories. Soit Hmoo la categorie qui a pour objets les petites dg-categories 
et telle que HomHmoo 'B) est le groupe de Grothendieck de la categorie triangulee repjj^g^{A, B). Un 
argument completement analogue a la remarque l2.19l montre que I'operation de composition dans Hmoo 
est bien definie. On dispose done d'un foncteur canonique add2 : Hmo Hmoo. Des arguments similaires 
aux lemmes 12.201 et [2.211 nous permettent de montrer le lemme suivant. 
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Lemme 2.41. La categoric Hmoo est additive et le produit tensoriel — de Hmo, voir remarque \2.40\ 
induit une structure monoidale symetrique sur HmoQ. 

Soit Heq^,^^^ la sous-categorie pleine de Hmoo dont les objets sont les dg-categories exactes A telles 
que Timage du plongement^: H''(^) ^ 'C>{A) est stable par facteurs directs. 

Remarque 2.42. L'equivalence entre Hmo et Heq^j^j^ induit une equivalence entre Hmoo et Heq^.^^^^. 
On a done le diagramme suivant : 

Heqexo^^ — ^ Heco 



Heqfcar / ^ > Hmoo . 

La demonstration du theoreme suivant est analogue a celle du theoreme 12.241 Soit F : Hmo ^ C un 
foncteur a valeurs dans une categorie additive C. 

Theoreme 2.43. Les conditions suivantes sont equivalcntes : 

1) Le foncteur F est compose d'un foncteur additif HmoQ C et du foncteur canonique Hmo Hmop. 

2) Pourtoutes dg-categories A, B, I'identite F{[X])+F{[Z]) F{\Y]), est verifiee dans B.omc{F{ A), F{B)) 
pour tout triangle X ^ Y ^ Z ^ X [I] de rep,^Q,.(^, B). 

3) Pour toute dg- categorie A, le morphisme 

F[A)®F(A)^^^^^1^^F{T{A)) 



est un isomorphisme dans C. 



4) Pout toute dg-categorie pretriangulee A munie de sous- dg-categories pleines pretriangulees B et C 
qui donnent lieu d une decomposition semi-orthogonale H*'(.A) — (H'^(;B), H*'(C)), voir [BLL04j , le 
morphisme 

F{B) ® F{C) ^ F{A) 
induit par les inclusions est un isomorphisme dans C. 



Remarque 2.44. Toute equivalence derivee, voir [Ric89| [HO 7 , donne un isomorphisme dans Hmo et done 



dans HmoQ. Cependant, il existe d'autres isomorphismes dans Hmoo : si k est un corps algebriquement 
clos et A un fc-algebre (ordinaire) de dimension finie sur k et de dimension globale finie, alors A est 
isomorphe a son plus grand quotient semisimple A/rad(A) dans Hmoo (voir |Kel98[ 2.5]), mais dans 
Hmo, A est isomorphe a A/rad(A) seulement si A est semisimple. 

2.6.1 Homologies de Hochschild, Cyclique, Negative, . . . 

On note PMix la categorie derivee de la categorie des complexes mixtes sur fc, voir [Kel99| . Soit 

M : dgcat — > PMix 

le foncteur qui, a une petite dg-categorie C, associe son complexe mixte M(C), vu comme un objet dans 
PMix, voir [Kel99| . D'apres [Kas87| . I'homologie cyclique de C est I'homologie cyclique du complexe mixte 
M(C) et de meme pour les autres variantes de la theorie (Hochschild, periodique, negative, . . . ). Comme 
dans |Kel98j . on montre que le foncteur M descend a un foncteur defini dans la localisee Hmo et que 
celui-ci satisfait les conditions du theoreme l2.43l II se factorise done par le foncteur Ua ■ dgcat — > Hmoo 
et donne lieu a un foncteur additif 

M : Hmoo 2?Mix. 
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2.6.2 K-theorie algebrique 

On note Ho(Spt) la categorie homotopique des spectres, voir |HSSOO| . Soit 

K : dgcat — > Ho(Spt) 

le foncteur qui, a una petite dg-categorie C, associe le spectre de ii'-theorie de Waldhausen |Wal85j 
associe a la categorie des dg-modules cofibrants et parfaits dont les cofibrations sont les monomorphismes 
et les equivalences faibles les quasi-isomorphismes, voir [DS04J. Comme il a ete montre dans ,I)S04J, les 
resultats de |Wal85| impliquent que le foncteur K rend inversibles les dg-foncteurs de Morita et descend 
done en un foncteur Hmo — > Ho(Spt). Le theoreme d'additivite de Waldhausen |Wal85[ 1.4] montre que 
ce foncteur verifie la condition 3) du theoreme 12.431 II induit done un foncteur additif 

K : Hmoo Ho(Spt) . 

2.6.3 Vision globale 

On dispose done du diagramme suivant : 



dgcat 



can2 




2.6.4 Charactere de Chern 

On note Ko(C) le groupe de Grothendieck d'une dg-categorie C, c'est-a-dire le groupe de Grothendieck 
de la categorie des objets compacts dans X'(C). Soit A la dg-categorie avec un seul objet 3 et telle que 
Hom^(3, 3) — k. 

Lemme 2.45. On a un isomorphisme naturel de groupes abeliens 

HomHmoo(AC) ^ Ko{C). 

Demonstration. En effet le groupe abehen Homnmoo (-4, B) est par definition egal a Ko(rep„Q^(^, C)). On 
salt que la categorie rep,„Q^(^, C) s'identifie a rep{A,Cfib), ou Cfib est un remplacement Morita fibrant 
de la dg-categorie C. On remarque que la categorie rep{A,Cfib) s'identifie a la sous-categorie pleine de 
2?(C) formee des objets compacts. □ 

Soit F : Hmoo Mod Z un foncteur. Le lemme de Yoneda et le lemme precedent impliquent le lemme 
suivant. 
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Lemme 2.46. On a un isomorphisme de groupes 



Nat(ifo,F) 



F{A), 



oil Nat{Ka, F) designe le groupe abelien des transformations naturelles de Kq vers F. 

A titre d'exemple, pour n G N, soit HC„(C) le n-ieme groupe d'homologie cyclique. On sait deja que 
le foncteur 

HC„ : dgcat ^ ModZ 
se factorise par dgcat ^ Hmoo. A partir de risomorphisme 

HC^fc) ^k[u], |m| =2, 

le lenrme nous fournit les caracteres de Chern 

c/l2ra : Kq HC2„ . 

2.7 DG-categories compactes et lisses 

Remarque 2.47. On observe facilement que la categorie aditive (Heco,©) possede des sommes infinies. 
Cela implique que son groupe de Grothendieck Ko(Heco, ©) est nul. 

Suivant [Kon04j , une dg-categorie A est compacte si 

1) son ensemble d'objets est fini ct 

2) pour tons objets X et Y dans A, le complexe Home (AT, F) est un objet parfait dans la categorie 
derivee des fc-modules. 

La condition 2) correspond a la notion de perfection locale definie dans |TV|, 2.4]. La dg-categorie A 
est lisse si le ^-^-bimodule associe a I'identite de A, qu'on note a^Aj voir remarque 12.231 est un objet 
compact dans 'D{A°^ ® A). On note Hec§' la sous-categorie pleine de Heco dont les objets sont les 
dg-categories compactes et lisses. 

Lemme 2.48. La categorie Hec§' est une sous-categorie additive monoi'dale de HecQ. 

Demonstration. Pour des dg-categories compactes et lisses A et B, on remarque que 

V{{A n B)°P r^{AU B)) ^ V{A°" (S> A) x V{A°p ®B)x V{B°p ® A) x V{B°p ® B) . 

Puisque le bimodule aub-^ H Baub s'identifie a A'^A x x Xg Bb, il est compact. Clairement, AUB 
est encore compacte. Le fait que A® B soit lisse resulte de I'isomorphisme 

RHom(^(gB)op^(^^g) {A ®B,7)^ RHom^opg^(^, MHomHop^B(B, ?)) . 

La dg-categorie A(S^ B est encore compacte une fois que les objets parfaits dans la categorie derivee des 
fc- modules sont stables par □ 

On note HH(^) le complexe de Hochschild d'une dg-categorie A, considere comme un objet dans 
2?(fc). On dispose done d'un foncteur additif 



HH : Heco 



V{k). 
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En outre, si la dg-categorie A est compacte et lisse, alors HH(^) est un complexe parfait sur k. On 
dispose du diagramme : 

(Heco.e) ™ ^ Vik) 



(Hecg',©) per(/c) 

oil per(fc) designe la plus petite categorie triangulee de I'(fc) qui contient k et est stable par facteurs 
directs. En applicant le foncteur Kq on obtient 

Ko(Hec;;', ©) ''"^""^ ^ Ko(per(fc)) . 

En particulier, ces anneaux commutatifs, avec la structure multiplicative induite par le produit tensoriel, 
sont non nuls. 

Soit VT le groupe de Grothendieck defini dans |BLL04j . Rappelons que les auteurs de |BK90j , jBLL04j 
appelent pretriangulees les petites dg-categories A telles que A ^ pre-tr(^) est une quasi-equivalence 
(c'est-a-dire que A est fibrante pour la structure de categorie de modeles de Quillen quasi-equiconique 
decrite dans le tlieoreme l2.2p . Le groupe VT est par definition le groupe abelien engendre par les classes 
de quasi-equivalence [A\ de petites dg-categories pretriangulees soumises aux relations qui proviennent 
des decompositions semi-orthogonales. 

L'argument de la remarque 12.471 montre qu'en fait le groupe VT s'annule. Pour obtenir un groupe 
non nul, il convient d'imposer des conditions de finitude : soit "PT"^' le groupe abelien engendre par les 
classes de quasi-equivalences [A\ de petites dg-categories A compactes, lisses et pretriangulees soumises 
aux relations qui proviennent des decompositions semi-orthogonales. Le produit tensoriel munit VT'^^ 
d'une structure d'anneau commutatif. 

Par exemple, si X est une variete projective lisse, alors la categorie derivee V^lcohX) est equivalent 
a 'HPiV^{co\\X)dg) pour une dg-categorie compacte, lisse, pretriangulee 2?''(cohX)dg canonique a isomor- 
phisnie pres dans Hmo. Par exemple, pour T>^{cohX)dg, on pent prendre la dg-categorie des complexes 
bornes a gauche de Ox-modules injectifs dont I'homologie est bornee et coherente. 

Proposition 2.49. On a un morphisme surjectif d' anneaux commutatifs 

Demonstration. On note [A] la classe de quasi-equivalence d'une dg-categorie compacte, lisse et pretriangulee 
et [[A]] la classe d'isomorphisme de A dans HecQ . On considere I'appHcation qui, a [A], associe [[A]]. 
EUe est clairement bien definic. Pour qu'elle induise un morphisme de 'PT'^' vers Ko(HeCo', ®), il reste a 
verifier I'egalite 

[[B(BC]]^[[A]] , 

pour toutes dg-categories A, B et C qui satisfont les relations dans la definition de VT'^K On considere 
le diagramme 

A 



, pre—tr(\inc(B) inc(C)]) 

B®C = pre-tr(H ]} C) -^—^ > pre-tr(^) . 

Le dg- foncteur inc est une quasi-equivalence et il reste a montrer que I'image du dg- foncteur pre-tr([inc(S) ir 
dans HeCp' est un isomorphisme. Par le lemme de Yoneda, il s'agit de montrer que, pour toute dg-categorie 
I'application 

Ko(rep,,(i^,pre-tr(SnC))) — > Ko(rep,,(W, pre-tr(^))) 
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est bijective. En efFet, la decomposition semi-orthogonale H {A) ~ (H (/B),H (C)), induit une decomposition 
semi-orthogonale 

repg^(iY,pre-tr(^)) = (repg^(Z^, pre-tr(S)), repg^(Z^, prc-tr(C))) . 

La surjectivite du morphisme VT'^^ Ko(HecQ', ©) est claire par construction. □ 

Remarque 2.50. En particulier, la proposition 12.491 montre que T-'T'^' est non nul. Si on definit VT'jl^j, 
de fagon analogue a partir des dg-categories compactes, lisses, pretriangulees A telles que H°(^) est 
Karoubienne, on obticnt la surjection 

-> Ko(Hmog') 

mentionnee dans I'introduction. 



Chapter 3 



Higher /C-theory via universal 
invariants 

Ce chapitre correspond au article JTabaf . 

3.1 Introduction 

Differential graded categories (=dg categories) enhance our understanding of triangulated categories 
appearing in algebra and geometry, see |Kel06bj . 

They are considered as non-commutative schemes by Drinfeld jDri04| [Dri02| and Kontsevich [Kon04j 
|Kon98j in their program of non-commutative algebraic geometry, i.e. the study of dg categories and 
their homological invariants. 

In this article, using the formalism of Grothcndieck's derivators, we construct 'the universal localizing 
invariant of dg categories' cf. [Kel02] . By this, we mean a morphism Ui from the pointed derivator 
HO(dgcat) associated with the Morita homotopy theory of dg categories, see [TabOSb] [TabOSaj |Tab06| . 
to a triangulated strong derivator A4''£g such that Ui commutes with filtered homotopy colimits, preserves 
the point, sends each exact sequence of dg categories to a triangle and is universal for these properties. 
Because of its universality property reminiscent of motives, cf. section 4.1 of j Konj . we call M^^g the 
(stable) localizing motivator of dg categories. 

Similary, we construct 'the universal additive invariant of dg categories', i.e. the universal morphism 
of derivators Ua from HO(dgcat) to a strong triangulated derivator Ai'^g'^ which satisfies the first two 
properties but the third one only for split exact sequences. We call Aij^"^ the additive motivator of dg 
categories. 

We prove that Waldhausen ii'-theory spectrum appears as a spectrum of morphisms in the base 
category Ai'^g'^{e) of the additive motivator. To the best of the author's knowledge, this is the first 
conceptual characterization of Quillen- Waldhausen i^T-theory [Qui67| |Wal85| . 

The CO- representation of K-theory as a spectrum of morphisms extends our results in [Tab05a| |Tab06| , 
where we co-represented Kq using functors with values in additive categories rather than morphisms of 
derivators with values in strong triangulated derivators. 

For example, the mixed complex construction [Kel9 9' . from which all variants of cyclic homology are 
deduced, and the non-connective algebraic K-theory [Sch06j are localizing invariants and factor through 
Ui and through Ua- The connective if-theory [Wal85| is an example of an additive invariant which is not 
a localizing one. We prove that it becomes co-representable in Ai'^g'^, see theorem 13.911 

Our construction is similar in spirit to those of Meyer-Nest |MN06| . Cortiiias- Thorn I CnT] and 
Garkusha [Gar]. It splits into several general steps and also offers some insight into the relationship 



61 



62 



Chapter 3. Higher if -theory via universal invariants 



between the theory of derivators |Hel97| |Gro90| [Kel91| [MalOl] |CNj and the classical theory of Quillen 
model categories |Qui67| . Derivators allow us to state and prove precise universal properties and to 
dispense with many of the technical problems one faces in using model categories. 

In chapter 13.21 we point out the connection between the notions of Grothendieck derivator and that 
of small homotopy theory in the sense of Heller [Hel97j . In chapter 13. 3( we recall Cisinski's theory of 
derived Kan extensions [Cisc| and in chapter 13.41 we develop his ideas on the Bousfield localization of 
derivators |Cisbj . In particular, we characterize the derivator associated with a left Bousfield localization 
of a Quillen model category by a universal property, see theorem 13.81 This is based on a constructive 
description of the local weak equivalences. 

In chapter 13.51 starting from a Quillen model category M satisfying some compactness conditions, 
we construct a morphism of prederivators 

HO(A^) ^ l^HotMf 

which commutes with filtered homotopy colimits, has a derivator as target and is universal for these 
properties. In chapter [3?6l we study morphisms of pointed derivators and in chapter [3771 we prove a general 
result which garantees that small weak generators are preserved under left Bousfield localizations. In 
chapter 1^751 we recall Heller's stabilization construction |Hel97| and we prove that this construction takes 
'finitely generated' unstable theories to compactly generated stable ones. We establish the connection 
between Heller's stabilization and Hovey/Schwede's stabilization [HovOlj |Sch97j by proving that if we 
start with a pointed Quillen model category which satisfies some mild 'generation' hypotheses, then the 
two stabilization procedures yield equivalent results. This allows us to characterize Hovey/Schwede's 
construction by a universal property and in particular to give a very simple characterisation of the 
classical category of spectra in the sense of Bousfield- Friedlander [BF78| . In chapter 13.91 by applying 
the general arguments of the previous chapters to the Morita homotopy theory of dg categories [Tab05b| 
[TabOSaj |Tab06j . we construct the universal morphism of derivators 

Ut : HO(dgcat) — > St(Ls,pHotdgcat, ) 

which commutes with filtered homotopy colimits, preserves the point and has a strong triangulated 
derivator as target. For every inclusion A ^ B of a, full dg subcategory, we have an induced morphism 

Sk ■■ cone{Ut{A ^ B)) -> Ut{B/A) , 

where ;B/^ denotes Drinfeld's dg quotient. By applying the localization techniques of section l3.4l and using 
the fact that the derivator St(Ls.pHotdgcat^) admits a stable Quillen model, we inverse the morphisms 
Sk and finally obtain the universal derived invariant of dg categories 

Ui : HO(dgcat) ^X^-. 

We establish a connection between the triangulated category M^^g{e) and Waldhausen's if-theory by 
showing that Waldhausen's 5',-construction corresponds to the suspension functor in M^^g{e). In sec- 
tion 13.111 we prove that the derivator M^^g admits a stable Quillen model given by a left Bousfield 
localization of a category of presheaves of spectra. In section [37121 we introduce the concept of upper tri- 
angular dg category and construct a Quillen model structure on this class of dg categories, which satisfies 
strong compactness conditions. In section [3. 131 we establish the connection between upper triangular dg 
categories and split short exact sequences and use the Quillen model structure of section [3. 121 to prove an 
'approximation result', see proposition 13.691 In section [3.141 by applying the techniques of section [57^ 
we construct the universal morphism of derivators 

Uu : HO(dgcat) MT'' 
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which commutes with filtered homotopy colimits, preserves the point and sends each split short exact 
sequence to a homotopy cofiber sequence. We prove that Waldhausen's if-theory space construction 
appears as a fibrant object, which allows us to obtain the weak equivalence 

Map{Uuik),S^ AUuiA)[l]) ^ \N.wS,Af\ . 

in TWJIg'**, see proposition 13.781 This implies the isomorphisms 

Tr,+iMap{Uu{k),S^ AUuiA)[l]) ^ K,{A), Wi ^ . 

In section 13.151 we stabilize the derivator Ai'^^'^*, using the fact that it admits a Quillen model, and 
finally obtain the universal additive invariant of dg categories 

Ua : HO(dgcat) ^A^2f ■ 

Connective algebraic ii'-theory is additive and so factors through Ua- We prove that it corresponds to 
a fibrant resolution of Z//a(-4)[l], see theorem 13.901 Using the fact that the Quillen model for J^'^g'^ is 
enriched over spectra, we prove the main co-representability theorem. 

Theorem (|3.91|) . We have the following weak equivalence of spectra 

Hom^'''\Ua{A),Ua{B)[l]) ^ K%rep„,,,{A, B)) , 

where K'^{repj-^gj.{A, B)) denotes Waldhausen's connective -theory spectrum of repj^gj.{A, B). 
In particular, we have the following weak equivalence of simplicial sets 

Map{Ua{A),UaiB)[l]) ^ \N.wS,rep„,,M,B)\ 

and so the isomorphisms 

7:,+iMap(UaiA),UaiB)[l]) ^ K,{rep^MB)), V^ ^ . 
Remark that if in the above theorem, we consider A — k, we have 

Hom^'^' {Ua{k),Ua{Bm)^I<'iB). 

This shows that Waldhausen's connective if-theory spectrum becomes co-representable in Ai'^g'^- 
In section I3.16[ we point out some questions that deserve further investigation. 

3.2 Preliminaries 

Our reference for the language of derivators is |CNj . The derivators in this article are always considered 
over the category cat of small categories. Let IS and W be derivators. We denote by Hom fD. W) the 
category of all morphisms of derivators, by Horri i (D, W) the category of morphisms of derivators which 
commute with homotopy colimits and by Horn/;i(ID, ©') the category of morphisms of derivators which 
commute with filtered homotopy colimits. We denote the terminal category by e and by i : P — > □ the 
inclusion of categories 

(0,0)- (0,1) (0,0)- (0,1) 



(1,0) 



(1,0)- (1,1) 
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Associated with a small category L and a point x : e — > L in L we have the following adjunction: 

D(L) 

D(e) . 

Deflnition 3.1. A derivator D is strong if for every finite free category A and every small category B, 
the natural functor 

B{A X B) — > Fun(A°,B(B)) 

is full and essentially surjective. 

Notice that a strong derivator is the same thing as a small homotopy theory as defined in |Hel97| . 

Definition 3.2. A derivator D is regular if in D, sequential homotopy colimits commute with finite 
products and homotopy puUbacks. 

Let be a Quillen model category. By [Cis03| . it is known that A4 gives rise to a derivator which 
we denote by HO{Ai). Observe that proposition 2.15 in [Cisa] implies that HO(Al) is a strong derivator. 
We denote by Ho(A^) the homotopy category of A^. By definition, it equals HO(A^)(e). 
Finally, for a small category A, we denote by A the pre-derivator naturally associated to A. 



3.3 Derived Kan extensions 

Let A be a small category and Fun(A°, Sset) the Quillen model category of simplicial pre-sheaves on A, 
endowed with the projective model structure, see [TV05] . We have at our disposal the functor 

A Fun(A°,S'sei) 
X ^ HomA(?,X), 

where Homyi(?,X) is considered as a constant simplicial set. 
The functor h gives rise to a morphism of pre-derivators 

A-^m{?un{A°,Sset)). 

Using the notation of |Cisc| . we denote by HoXa the derivator HO(Fun(A°, S'sei)). The following 
results are proven in [Cisc] . 
Let D be a derivator. 

Theorem 3.3. The morphism h induces an equivalence of categories 

Horn (A, ©) 

v h* 

Hem , (Hot 4,10) . 

Proof. This theorem is equivalent to corollary 3.26 in [Cisc| . since we have 

HomfA.D) ~ D(yl°) . 

□ 
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Lemma 3.4. We have an adjunction 

Hom(HotA,B) 



Hom ifHot4,B) 

where 

-^{F) ip{Foh). 
Proof. We construct a universal 2-morphism of functors 

e : inc o v]/ — > Id . 



Let be a morphism of derivators belonging to Hom(Hot^, D). Let L be a small category and X an 
object of Hot^(L). Recall from [Cisc| that we have the diagram 



L°P A. 

Now, let p be the functor tt°p and q the functor lu"^. By the dual of proposition 1.15 in [Ciscj . we have 
the following functorial isomorphism 

p,q*{h)^X. 

Now let eL{X) be the composed morphism. 

eUX) : = p^.q*F{h) - p<F{q*h) F{p,q*h) ^ F{X) . 

Now, notice using theorem 13.31 that e induces an adjunction. □ 

3.4 Localization: model categories versus derivators 

Let be a left proper, cellular Quillen model category, see |Hir03| . 

We fix a frame on Ai, see definition 16.6.21 in [Hir03j . Let I? be a small category and F a functor 
from D to A4. We denote by hocolimF the object oi Ai, as in definition 19.1.2 of |Hir03| . Let S' be a 
set of morphisms in Ai and denote by LgTW the left Bousfield localization of Ai by S. 

Notice that the Quillen adjunction 

A4 



Id 



Id 



IsM, 

induces a morphism of derivators 

7 : HO(X) ^ HO{LsM) 
which commutes with homotopy colimits. 

Proposition 3.5. Let Ws be the smallest class of morphisms in Ai satisfying the following properties: 



a) Every element in S belongs to Ws- 
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b ) Every weak equivalence of A4 belongs to Ws ■ 

c) If in a commutative triangle, two out of three morphisms belong to Ws, then so does the third one. 
The class Ws is stable under retractions. 

d) Let D be a small category and F and G functors from D to A4. If rj is a morphism of functors from 
F to G such that for every object d in D , F{d) and G{d) are cofibrant objects and the morphism 
ri{d) belongs to Ws, then so does the morphism 

hocolimF > hocolimG . 



Then the class Ws equals the class of S -local equivalences in Ai, see \Hir03^ . 

Proof. The class of S*- local equivalences satisfies properties a), b), c) and d): Properties a) and b) are 
satisfied by definition, proposition 3.2.3 and 3.2.4 in (Hir03| imply property c) and proposition 3.2.5 in 
jHir03 j implies property d). 

Let us now show that conversely, each ^-local equivalence is in Ws- Let 



be an .S-local equivalence in A4. Without loss of generality, we can suppose that X is cofibrant. indeed, 
let Q{X) be a cofibrant resolution of X and consider the diagram 

Qix) 




X 



Y . 



Notice that since tt is a weak equivalence, g is an S'-local equivalence if and only if g o tt is one. 

By theorem 4.3.6 in |Hir03| . g is an S'-local equivalence if and only if the morphism \-s{g) appering 
in the diagram 

g 



X 



Y 



3(y) 



Ls(9) 



IsY 



is a weak equivalence in M. This shows that it is enough to prove that j{X) and j{Y) belong to Ws- 
Apply the small object argument to the morphism 

X — > * 



using the set A(S'), see proposition 4.2.5 in [Hir03j . We have the factorization 

X 



Ls(^) 




where j{X) is a relative A(S')-cell complex. 

We will now prove two stability conditions concerning the class Ws. 
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SI) Consider the following push-out 



Wo 
Y 

/ 

Wi 

where Wq, Wi and W2 are cofibrant objects in M and / is a cofibration which belongs to Ws. 
Observe that /* corresponds to the colimit of the morphism of diagrams 



W2 



Wo 

Y 

/ 

W^ 



Wq 



W2 



-<Wn 



W2 



Now, proposition 19.9.4 in |Hir03| and property d) imply that belongs to Ws- 
S2) Consider the following diagram 



X:Xo=> 



/o 



x,>- 



in A4, where the objects are cofibrant and the morphisms are cofibrations which belong to the class 
Wfi. Observe that the transfinite composition of X corresponds to the colimit of the morphism of 
diagrams 

Xo ^=^= Xo Xq ^=^= ■ ■ ■ 



Xn^ 



fo 



/lO/o 



X2>~ 



fo 

Now, since X is a Reedy cofibrant diagram on a category with fibrant constants, see definition 
15.10.1 in |Hir03| . theorem 19.9.1 from [Hir03| and property d) imply that the transfinite compo- 
sition of X belongs to Ws- Notice that the above argument can be immediatly generalized to a 
transfinite composition of a A-sequence, where A denotes an ordinal, see section 10.2 in [Hir03| . 

Now, the construction of the morphism j{X) and the stability conditions 51) and 52) show us that it 
is enough to prove that the elements of A(5) belong to Ws- By proposition 4.2.5 in pir03j . it is sufficient 
to show that the set 



A(5) = {A(g) A[n] ^ n B0A[n]^B( 

A(g}dA[n] 



A[n] I (A ^ B) e 5, n ^ 0}, 



of horns in 5 is contained in Ws- Recall from definition 4.2.1 in |Hir03| that 5 : A — > B denotes a 
cosimplicial resolution of g : A — > i? and g is a Reedy cofibration. We have the diagram 



A (g) dA[r 



■Bi»dA\n\ 



A[n] 



' B ® A[n\ 
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Observe that the morphism 
identifies with 

and so belongs to W5. Now, the morphism 



A0 A[n] ~^B(E)A[n] 



A" ^ B" , 



51 



A ® dA[n] B (g, dA[n] 

corresponds to the induced map of latching objects 

LnA > L^B , 

which is a cofibration in Ai by proposition 15.3.11 in [Hir03j . 

Now by propositions 15.10.4, 16.3.12 and theorem 19.9.1 of |Hir03j . we have the following commutative 
diagram 

hocolim A hocolim B 

a(Ai[n]) ^ a(AiH) 



where the vertival arrows are weak equivalences and d{Al [n]) denotes the category of strictly increasing 
maps with target [n]. By property d) of the class Ws, we conclude that g ® laA[n] belongs to Ws- 
We have the following diagram 

A(g)A[n] n B(g)A[n] 

A®aA[n] 




A (g) A\n] — *- B ® A[n] . 

Notice that the morphism / belongs to VV5 by the stability condition 5*1) applied to the morphism 

A®dA[n] ^ B®o»A[n] , 

which is a cofibration and belongs to Ws- Since the morphism 5 ® 1 belongs to Ws so does A{g). 

This proves the proposition. □ 

Let D be derivator and S a class of morphisms in D(e). 

Definition 3.6 (Cisinski |Cisbj ). The derivator D admits a left Bousfield localization by S if there exists 
a morphism of derivators 

7 : © ^ LsD , 

which commutes with homotopy colimits, sends the elements of S to isomorphisms in L5D(e) and satisfies 
the universal property: for every derivator D' the morphism 7 induces an equivalence of categories 

Horn, (LsD,©') ^ Horn!.5(D,B') , 

where Horri i g(D,]D)') denotes the category of morphisms of derivators which commute with homotopy 
colimits and send the elements of S to isomorphisms in D'(e). 
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Lemma 3.7. Suppose that B is a triangulated derivator, S is stable under the loop space functor Q.[e) 
D(e) ©(e), see \CNf . and D admits a left Bousfield localization L5D by S . 
Then L5II) is also a triangulated derivator. 

Proof. Recall from |CN) that since D is a triangulated derivator, we have the following equivalence 



Notice that both morphisms of derivators, E and 17, commute with homotopy colimits. Since S is stable 
under the functor ri(e) : D(e) ©(e) and D admits a left Bousfield localization LgD by S, we have an 
induced morphism 

n : LsD LsD. 

Let s be an element of S. We now show that the image of s by the functor 7 o E is an isomorphism in 
L5D(e). For this consider the category F, see section [321 and the functors 

(0, 0) : e ^ r and p-.T ->e. 

Now recall from section 7 from }Hel97| that 

E(e) o (0,0)* . 

This description show us that the image of s under the functor 70 E is an isomorphism in L5D(e) because 
7 commutes with homotopy colimits. In conclusion, we have an induced adjunction 

LsD 

s 
LsB 

which is clearly an equivalence. This proves the lemma. □ 
Theorem 3.8 (Cisinski [Cisb] ). The morphism of derivators 

7 : H0(7W) ^ HO{LsM) 
is a left Bousfield localization of HO(A^) by the image of the set S in Ho(A^). 

Proof. Let D be a derivator. 

The morphism 7 admits a fully faithful right adjoint 

cr : HOiLsM) — > HO(X). 

Therefore, the induced functor 

7* : Hom,(H0(L57W),©) — > Horn, ^(HO(M).B) . 

admits a left adjoint a* and (7*7* ~ (70")* is isomorphic to the identity. Therefore 7* is fully faithful. 
We now show that 7* is essentially surjective. Let F be an object of Horri i g(H0(7W),D). Notice that 
since D satisfies the conservativity axiom, it is sufficient to show that the functor 

F{e) : Ho{M)^B{e) 
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sends the images in Ho(A^) of the 5-local equivalences of A4 to isomorphisms in D(e). The morphism F 
then becomes naturally a morphism of derivators 

F: HO{LsM)^D 

such that 'y*{F) = F. Now, since F commutes with homotopy colimits, the functor 

M Ho{M) ©(e) 

sends the elements of W5 to isomorphisms. This proves the theorem since by proposition 13.51 the class 
Ws equals the class of 5- local equivalences in . □ 



3.5 Filtered homotopy colimits 

Let M he a, cellular Quillen model category, with I the set of generating cofibrations. Suppose that 
the domains and codomains of the elements of / are cofibrant, Ho-compact, Ho-small and homotopically 
finitely presented, see definition 2.1.1 in TVJ. 

Example 3.9. Consider the Quillen model structures on dgcat constructed in theorems 1 1 . 8) 1 2 . 2l and 1 2 . 27l 
Recall that a dg functor F from C to f is a quasi-equivalence, resp. quasi-equiconic, resp. a Morita dg 
functor, if it satisfies one of the following conditions Cl) or C2): 

CI) The dg category C is empty and all the objects of £ are contractible. 

C2) For every object ci and C2 in C, the morphism of complexes from Homc(ci, C2) to Homf:(F(ci)), F{c2)) 
is a quasi-isomorphism and the functor H°(i^), resp. H°(pre-tr(i^)), resp. H"(pre-tr(F))^, is essen- 
tially surjective. 

Observe that the domains and codomains of the set / of generating cofibrations in dgcat satisfy the 
conditions above for all the Quillen model structures. 

The following proposition is a simplification of proposition 2.2 in [TVj . 
Proposition 3.10. Let A4 be a Quillen model category which satisfies the conditions above. Then 

1) A filtered colimit of trivial fibrations is a trivial fibration. 

2) For any filtered diagram in Ad, the natural morphism 

hocolimXi — > coWmXi 

i£l iel 

is an isomorphism in Ho(A^). 

3) Any object X in AA is equivalent to a filtered colimit of strict finite I-cell objects. 

4) An object X in M is homotopically finitely presented if and only if it is equivalent to a rectract of 
a .strict finite Fcell object. 

Proof. The proof of 1), 2) and 3) is exactly the same as that of proposition 2.2 in |TV| . The proof of 4) 
is also the same once we observe that the domains and codomains of the elements of the set / are already 
homotopically finitely presented by hypothesis. □ 

In everything that follows, we fix: 
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- A co-simplicial resolution functor 

(r(-) : M^M^, i) 

in the model category see definition 16.1.8 in [Hir03j . This means that for every object X in 
A4, T{X) is cofibrant in the Reedy model structure on and 

is a weak equivalence on M^, where c*{X) denotes the constant co-simplicial object associated 
with X. 

- A fibrant resolution functor 

{{-)f : M ^ M, e) 

in the model category M, see |Hir03j . 
Definition 3.11. Let A4f he the smallest full subcategory of Ai such that 

- Mf contains (a representative of the isomorphism class of) each strictly finite /-cell object of M 
and 

- the category M-f is stable under the functors (— )/ and r(— )", n > 0. 

Remark 3.12. Notice that A4/ is a small category and that every object in A^/ is weakly equivalent to 
a strict finite /-cell. 

We have the inclusion 

Mf ^ M . 

Notation 3.13. Let S be the set of pre-images of the weak equivalences in M under the functor i. 
Lemma 3.14. The induced functor 

Mf[S-^] Ho{M) 
is fully faithful, where Mf[S~^] denotes the localization of Ai by the set S. 

Proof. Let X , Y he objects oi Mf. Notice that (Y) / is a fibrant resolution oiY in M which belongs to 
Mf and 

r(x)" u r(x)" — ^ r(x)o 
T{xy 

is a cylinder object for r(X)", see proposition 16.1.6. from [Hir03| . Since this cylinder object also belongs 
to A^/, the localized category A^/[S'~^] can be constructed inside A4. 

This implies the lemma. □ 

We denote by Fun(A^|^, Sset) the Quillen model category of simplicial pre-sheaves on A4f endowed 
with the projective model structure, see section [3?3l Let S be the image in Fun{M°f, Sset) by the functor 
h, see section \3l3\ of the set S in Mf. Since the category Fur){M°f, Sset) is cellular and left proper, its 
left Bousfield localization by the set E exists, see |Hir03| . We denote it by LsFun(A^j, Sset). We have a 
composed functor that we still denote by h 

h:Mf^ fun{M°f,Sset) ^ LsFun(A^°., Sset) . 
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Now, consider the functor 

h:M — > fun{M},Sset) 
X ^ Hom(r(-),X)|^^. 

We also have a composed functor that we still denote by h 

h:M^ Fun{M},Sset) ^ l^f un{M}, S set) . 
Now, observe that the natural equivalence 

z(-):rH^c*H, 

induces, for every object X in A4f, a, morphism 'i'{X) in L5]Fun(y\/(|^, Sset) 

: h{X) ^ Hom(c*(-),X) — > Hom(r(-),X) =: (hoi){X), 

which is functorial in X. 

Lemma 3.15. The functor h preserves weak equivalences between fibrant objects. 

Proof. Let X be a fibrant object in M. We have an equivalence 

Hom(r(r),X)^Map^(y,X), 

see |Hir03| . This implies the lemma. □ 

Remark 3.16. The previous lemma implies that the functor h admits a right derived functor 

m:Ho{M) — > Ho(LsFun(X°, S'sei)) 
X ^ Hom{r{-),Xf)^Mf 

Since the functor 

h:Mf^ lT:fun{M%Sset), 
sends, by definition, the elements of S to weak equivalences, we have an induced morphism 

Ho{h) : Mf[S-^] Ho{lj:fun{M},Sset)) . 

Remark 3.17. Notice that lemma 4.2.2 from |TV05| implies that for every X in Aif, the morphism '^{X) 

: Ho{h){X) — > (RhoHo{i))iX) 

is an isomorphism in Ho(LEFun(A^p Sset)). 
This shows that the functors 

Ho{h), R/io Ho(/) : Mf[S-^] Ho{Lj:fun{M}, Sset) 

are canonically isomorphic and so we have the following diagram 

Ho(i) 

Mf[S-^] Ho{M) , 



Ho(/i 

Ho{L^Fun{M}, Sset)) 
which is commutative up to isomorphism. 
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Lemma 3.18. The functor W% commutes with filtered homotopy colimits. 

Proof. Let {Yi}i^i be a filtered diagram in J\A. Wc can suppose, without loss of generality, that Yi is 
fibrant in J\A. By proposition 13. 10[ the natural morphism 

hocoliniy; — > coVmvYi 
is an isomorphism in Ho(A^) and colimFi is also fibrant. Since the functor 

is/ 

Ho(Fun(X;^, Sset)) ^ Ho(LsFun(X;^, Sset)) , 

commutes with homotopy colimits and in Ho(Fun(A1y , Sset)) they are calculated objectwise, it is sufficient 
to show that the morphism 

hocolimIR/i(ri)(X) — > M/i(colimi:,)(X) 

is an isomorphism in Ho{Sset), for every object X in A4f. Now, since every object X in A4f is homo- 
topically finitely presented, see proposition 13.101 we have the following equivalences: 

m{colim Yi){X) = Hom(r(X),colimyj) 

- Map(r(X),colimr,) 

^ colimMap(X,y;) 

~ hocolim M/i(yi)(X) 

This proves the lemma. □ 

We now denote by LsHot^^ the derivator associated with Lj:Fun{M'j:, Sset) and by Mf[S^^] the 
pre-derivator A4 / localized at the set S, see |Cisc) . 
Observe that the morphism of functors 

* : h > hoi 

induces a 2-morphism of derivators 

* : Ho{h) — > moHo{i) . 
Lemma 3.19. The 2-morphism ^> is an isomorphism. 

Proof. For the terminal category e, the 2-morphism ^' coincides with the morphism of functors of re- 
mark [STTTI Since this one is an isomorphism, so is ^ by conservativity. This proves the lemma. □ 

As before, we have the following diagram 




which is commutative up to isomorphism in the 2-category of pre-derivators. Notice that by lemma [3. 181 
M/i commutes with filtered homotopy colimits. 
Let D be a derivator. 



74 



Chapter 3. Higher if -theory via universal invariants 



Lemma 3.20. The morphism of pre-derivators 



Mf[S-'] l^HotM, , 

induces an equivalence of categories 

Horn,(LsHot^^.,©) Hom(Mf[S~^] 



Proof. The category Homi (Ls HotMf , D) is equivalent, by theorem l3.8l to the category Horri i (Hotwi^ , B) • 
This last category identifies, under the equivalence 

Hom i(HotMj.B) ^ Hom (MfM 

given by theorem 13. 3i with the full subcategory of Hom fTW / , D) consisting of the morphisms of pre- 
derivators which send the elements of S to isomorphisms in D(e). Now observe that this last category 
identifies with Horn(A1/[S'~^], D), by definition of the localized pre-derivator A4f[S~^]. This proves the 
lemma. □ 

Recall from section 9.5 in |Dug01| that the co-simplicial resolution functor r(— ) that we have fixed 
in the beginning of this section allows us to construct a Quillen adjunction: 

M 



Re 



a— sing 



Fun{M'},Sset) . 

Since the functor Re sends the elements of S to weak equivalences in , we have the following Quillen 
adjunction 

M 

Re 



and a natural weak equivalence 



L^Fun{M°f,Sset) 
J] : Re o h ^—f i , 



see |Dug01| . 

This implies that we have the following diagram 



Mf[S-^] 

Ho(/i) 



Ho(j) 



Ho{Lsfun{M°f,Sset)) 




Ho(X), 



/' 

which is commutative up to isomorphism. 

We now claim that Li?e o M.h is naturally isomorphic to the identity. Indeed, by proposition 13.101 
each object of A4 is isomorphic in Ho(A^), to a filtered colimit of strict finite /-cell objects. Since Rh 
and Li?e commute with filtered homotopy colimits and Li?e o Ho{h) ~ Id, we conclude that Li?e o M.h is 
naturally isomorphic to the identity. This implies that the morphism Mh is fully faithful. 
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Now, observe that the natural weak equivalence rj induces a 2-isomorphism and so we obtain the 
following diagram 

HOiM), 




LsHotA^ 



which is commutative up to isomorphism in the 2-category of pre-derivators. Notice that Li?e o Wh is 
naturally isomorphic to the identity (by conservativity) and so the morphism of derivators Rh is fully 
faithful. 

Let D be a derivator. 

Theorem 3.21. The morphism of derivators 

HO{M) ^ LsHot^, , 

induces an equivalence of categories 

Hom,(LEHot7vi^,©) Hom^„fH0(7W).ID) . 

w/iere Horn/if (HO(A^), D) denotes the category of morphisms of derivators which commute with filtered 
homotopy colimits. 



Proof. We have the following adjunction 

Horn (HO 

Hom (Lr,Hot/Uj.O) , 

with M.h* a fully faithful functor. 

Now notice that the adjunction of lemma induces naturally an adjunction 



Horn (Ly^ Hot 

Horn, fU Hot .ID). 

This implies that the composed functor 

Rh* : Horn, (Ls Hot A4^,D) — » Horn/it (HO(X), ©) 

is fully faithful. 

We now show that this functor is essentially surjective. 

Let F be an object of Horny;j(H0(A1),D). Consider the morphism 

LRe*{F) := FoLi?e. 

Notice that this morphism does not necessarily commute with homotopy colimits. Now, by the above 
adjunction, we have a universal 2-morphism 



: *(Li?e*(f )) — > Li?e*(F) , 
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Now, consider the 2-morphism 

Rh* : o LRe*){F)) — > {Rh* o LRe*){F) F . 

Wc will now show that this 2-morphism is a 2-isomorphism. By conservativity, it is sufRcient to show 
this for the case of the terminal category e. For this, observe that Rh*{f) induces an isomorphism 

*(Li?e*(F)) oRho Ho(i) — >Fo Ho(i) . 

Now each object of A4 is isomorphic, in Ho{M), to a filtered colimit of strict finite /-cell objects. Since F 
and \E'(Li?e*(F)) commute with filtered homotopy colimits, Rh*{(p) induces an isomorphism. This shows 
that the functor Rh* is essentially surjective. 

This proves the theorem. □ 



3.6 Pointed derivators 

Recall from the previous section that we have constructed a derivator LsHotMf associated with a Quillen 
model category M satisfying suitable compactness assumptions. 
Now suppose that Ho(A^) is pointed, i.e. that the morphism 



in M, where denotes the initial object and * the terminal one, is a weak equivalence. Consider the 
morphism 

P:0^/i(0), 

where denotes the initial object in LsFur\{M°f,Sset). 

Observe that, since Rh admits a left adjoint, /i(0) identifies with the terminal object in 

Ho{Ufun{M},Sset)), 

because 

/i(0) = Ho(/i)(0) ^ R/io Ho(i)(0) ^ Rh{*) . 

We denote by 

Lj:,pfun{M'},Sset), 

the left Bousfield localization of LEFun(A^j, Sset) at the morphism P. 
Notice that the category 

Ho(Ls,pFun(A^;^,S'sei)), 

is now a pointed one. 

We have the following morphisms of derivators 

Ho{M) 

LsHotxj, 

<s> 

Lj:^pHotMf 
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By construction, we have a pointed morphism of derivators 

HO{M) ^-Ls,pHot^^, 

which commutes with filtered homotopy colimits and preserves the point. 
Let ID be a pointed derivator. 

Proposition 3.22. The morphism of derivators $ o Rft, induces an equivalence of categories 

Hom,(LE,pHot^^,I])) ^*-^^* Hom/;t^p(HO(X),D), 

where Horn j:n p{H0{A4), I}) denotes the category of morphisms of derivators which commute with filtered 
homotopy colimits and preserve the point. 

Proof. By theorem 13. 8i we have an equivalence of categories 

Horn, (Le,p Hot Horn, p(LsHot^^ , D) . 
By theorem I3.21[ we have an equivalence of categories 

Hom,(LEHotA^^.,D) Homj:„(HO(M).B) . 

We now show that under this last equivalence, the category Horn i p{L^HotMf , D) identifies with Homy^j p{HO{Ai), D). 
Let F be an object of Horri i p(L5]Hot7vi^ , D). Since F commutes with homotopy colimits, it preserves the 
initial object. This implies that F o R/i belongs to HorPyjj p(H0(7W,D) . 

Let now G be an object of Hom ^n^(HO(M), D). Consider, as in the proof of theorem 13.211 the 
morphism 

^(LRe*iG)) : LsHotA^^ — 

Since ^'(Li?e*(G')) commutes with homotopy colimits, by construction, it sends to the point of D. 
Observe also that /i(0) is also sent to the point of D because 

*(Li?e*(G))(/i(0)) ~G(0). 

This proves the proposition. 

□ 



3.7 Small weak generators 



Let TV be a pointed, left proper, compactly generated Quillen model category as in definition 2.1 of [TV] . 
Observe that in particular this implies that JV is finitely generated, as in section 7.4 in [Hov99j . We 
denote by Q the set of cofibers of the generating cofibrations / in TV. By corollary 7.4.4 in |Hov99j . the 
set Q is a set of small weak generators for Ho(TV), see definitions 7.2.1 and 7.2.2 in |Hov99| . Let 5* be a 
set of morphisms in TV between objects which are homotopically finitely presented, see [TVj . and LgTV 
the left Bousfield localization of TV by S. We have an adjunction 



Ho(A/') 

Lid 



Ho(LsAA) 
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Lemma 3.23. The image of the set Q under the functor hid is a set of small weak generators in 
Ho(LsAA). 

Proof. The previous adjunction is equivalent to 

Ho(AA) 

(-)/ 

Ho(AA)s 



where Ho(A/')5 denotes the full subcategory of Ho(7W) formed by the S'-local objects of J\f and (— )/ 
denotes a fibrant resolution functor in LsAf, see [Hir03j . Clearly, this implies that the image of the set Q 
under the functor (— )/ is a set of weak generators in Ho(L57V). 

We now show that the 5-local objects in Af are stable under filtered homotopy colimits. Let {Xi}-^j 
be a filtered diagram of S'-local objects. By proposition l3.10l we have an isomorphism 



hocolim Xi 



colim Xi 



in Ho(7V). We now show that colim is an 5-local object. Let 5 : A ^ i? be an element of S. We have 
at our disposal the following commutative diagram 



Map(i3, colim 



colim Map(i3, Xi) 

colim r 



Map(A, colim Xi) 



. colim Ma p(A,Xi). 



Now observe that since A and B are homotopically finitely presented objects, the vertical arrows in 
the diagram are isomorphisms in V\o[Sset). Since each object Xi is S'-local, the morphism g* is an 
isomorphism in Ho(Ssei) and so is colim g*. This implies that colim is an S'-local object. This shows 

iG/ ?G/ 

that the inclusion 

Ho(A^)s Ho(7W), 

commutes with filtered homotopy colimits and so the image of the set Q under the functor (— )/ consists 
of small objects of Ho(L57V). 

This proves the lemma. □ 

Recall from the previous chapter that we have constructed a pointed derivator Ls^pHot^vi^ . We 
will now construct a strictly pointed Quillen model catgory whose associated derivator is equivalent to 
Ls.pHot^^. . Consider the pointed Quillen model category 

* i ?un{M},Sset) = Fun(7W°, Sset,) . 

We have the following Quillen adjunction 

F\in{M°f,Sset,) 

{-)+ 
Fun(7W° Ssei) 



3.8. Stabilization 
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where U denotes the forgetful functor. 

We denote by \-Y,^p\-un{M.°p Sset,) the left Bousfield localization of Fun(A^p ^sei.) by the image 
of the set E U {P} under the functor (— )+. We denote by L^^pV\otMf the derivator associated with 
Ls,pFun(A^°, S'set.). 

Remark 3.24. Since the derivators associated with Ls^pFun(A^j, S'set) and LE.pFun(A^j, S'sef,) are car- 
acterized by the same universal property we have a canonical equivalence of pointed derivators 

L^^pUotMf — > Ls,pHotjVi^^ 

Notice also that the category Fun(y\/(|^, Sset,) endowed with the projective model structure is pointed, left 
proper, compactly generated and that the domains and codomains of the elements of the set (E U 
are homotopically finitely presented objects. Therefore by lemma [3.231 the set 

^ = {Ff[„]^/aA[„]+l^eX/,n^O}, 

of cofibers of the generating cofibrations in Fun(7Wp Sset,) is a set of small weak generators in 
Ho(LE,pFun(X;^,S'sei.)). 

3.8 Stabilization 

Let ID be a regular pointed strong derivator. 

In [Hel97| . Heller constructs a universal morphism to a triangulated strong derivator 

D ^ St(©) , 

which commutes with homotopy colimits. 

This construction is done in two steps. First consider the following ordered set 

V:={(^,J)||^-.?Kl}cZxZ 

naturally as a small category. We denote by 

V:={(z,j)IK-j| = l}cV, 

the full subcategory of 'points on the boundary'. 

Now, let Spec(D) be the full subderivator of Bv, see definition 3.4 in |CN] . formed by the objects X 
in Dv(i), whose image under the functor 

]D)v(i) = ©(V X L) — > Fun(V°P,]D)(i)) 

is of the form 



* *- -^(0,0) ^ * 



see section 8 in |Hel97j . We have an evaluation functor ev(Q q) : Spec(]D)) ^ D, which admits a left adjoint 
i[0,0]. 
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Finally, let St{E>) be the full reflexive subderivator of Spec(D) consisting of the Jl-spectra, as defined 
in [Hil97] . 

We have the following adjunctions 




St(D) 



in the 2-category of derivators. 

Let T be a triangulated strong derivator. The following theorem is proved in [Hel97| . 

Theorem 3.25. The morphism stab induces an equivalence of categories 

Hom,(St(P),T) Hom,m.T). 
Lemma 3.26. Let Q be a set of objects in D(e) which satisfies the following conditions: 
Al) If, for each g in Q, we have 

HomD(e)(5,^) = {*} , 
then X is isomorphic to *, where * denotes the terminal and initial object in ©(e). 

A2) For every set K and each g in Q the canonical map 

colim HomD(e)(5, W^a) ^ HomD(e)(g, WXa) 

Sfinite a£S a£S 

is bijective. 
Then the set 

{E"sta6(.g) \geg,neZ} 
of objects in St(D)(e), where S denotes the suspension functor in St(D)(e), satisfies Al) and A2). 
Proof. Let X be an object of St(D)(e). Suppose that for each g in Q and n in Z, we have 

Homst(D)(e)(S"s<a6(.g),X) = {*} . 
Then by the following isomorphisms 

Homst(D)(e)(S"sia6(g),X) ~ Homst{o) {e){stab{g),n'^X_) 

~ Home(e)(g,ew(o,o)^^"Z) 

- Home(e)(g,ev(„_„)X) , 

we conclude that, for all n in Z, we have 
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By the conservativity axiom, X_ is isomorphic to * in St(D)(e). This shows condition Al). Now observe 
that condition A2) foUows from the following isomorphisms 

Homst(D)(e)(S"sta6(3), X^) ~ Homst(D)(e)(s<a6(.g), 17" X^) 

~ Homst{o)(e){stab{g), n^Xg) 

aeK 

~ HomD(e)(.9,ew(o,o) U ^"Xg) 

aeK 

~ HomD(e)(5, U ew(o.o)f^"^) 

aeK 

~ colim HomD(e)(g, U ew(o,o)f^"^) 
~ colim HomD(e)(g,ew(o.o) U ^^"^q) 

ofS-^, ^ aes 

~ colim Homst(D)(e)(sto5(g), rj"X^) 

o??-^, aes 

b jimte 

colim Homst(D)(e)(S"sta6(5), Xq,) 

aes 



S finite 



□ 



Lemma 3.27. Let T he a triangulated derivator and Q a set of objects in T(e) which satisfies conditions 
Al) and A2) of lemma \3.2b\ 

Then for every small category L and every point x : e ^ L in L, the set 

{x'ig) \ g e g, X : e ^ L} 

satisfies conditions Al) and A2) in the category T(L). 

Proof. Suppose that 

HomT(L)(x!(g),M) = {*} , 

for every g G G and every point x in L. Then by adjunction x*M is isomorphic to * in T(e) and so by the 
conservativity axiom, M is isomorphic to * in T(L). This shows condition Al). Condition A2) follows 
from the following isomorphisms 

HomT(L)(a;!(5), ~ HomT(e)(g, M„) 

aeK aeK 

~ HomT(e)(ff, x*Mg) 

aeK 

2± HomT(e)(ff,a;*M„) 

aeK 

~ HomT(L)(a;!(5),M„). 

aeK 

□ 

Remark 3.28. Notice that if D is a regular pointed strong derivator and we have at our disposal of a set 
g of objects in D(e) which satisfies conditions Al) and A2), then lemma [3. 231 and lemma [3.271 implv that 
St(D)(_L) is a compactly generated triangulated category, for every small category L. 

Relation with Hovey/Schwede's stabilization 

We will now relate Heller's construction with the construction of spectra as it is done by Hovey in |Hov01| 
and Schwede in [Sch97| . 
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Let be a pointed, simplicial, left proper, cellular, almost finitely generated Quillen model category, 
see definition 4.1 in [HovOlj . where sequential colimits commute with finite products and homotopy 
puUbacks. This implies that the associated derivator HO(A^) will be regular. 

Example 3.29. Consider the category L-^ pfun{A4°j:, Sset,) defined in section [57fl Notice that the category 
of pointed simplicial pre-sheaves fun {M°f, S set,) is pointed, simplicial, left proper, cellular and even 
finitely generated, see definition 4.1 in [HovOlj . Since limits and colimits in Fun(7V(j, Sset,) are calculated 
objectwise, we conclude that sequential colimits commute with finite products. Now, by theorem 4.1.1 
in |Hir03| the category Ls^pFun(A^p Sset,) is also pointed, simplicial, left proper and cellular. 

Now observe that the domains and codomains of each morphism in A((EU{P})+), see definition 4.2.1 
in [HirOB] , are finitely presented, since the forgetful functor 

fun{M},Sset,) funiM" , Sset) 

commutes with filtered colimits and homotopy puUbacks. Now, by proposition 4.2.4 in [Hir03j . we 

f 

conclude that a morphism A ^ B in Ls^pFun(A^p Sset,), with B a local object, is a local fibration if 
and only if it has the right lifting property with respect to the set 

JUA((EU{P})+), 

where J denotes the set of generating acyclic cofibrations in Fun{Mj, Sset,). This shows that Lj:^pFun{M°p Sset, 
is almost finitely generated. 

Recall from section 1.2 in [Sch97| that since is a pointed, simplicial model category, we have a 
Quillen adjunction 

M 



M, 

where T,{X) denotes the suspension of an object X , i.e. the pushout of the diagram 

X dA^ ^ X^A^ 



Recall also that in [HovOl] and |Sch97j the autors construct a stable Quillen model category Sp'^(A^) of 
spectra associated with M and the left Quillen functor S(— ). We have the following Quillen adjunction, 
see |Hov01) , 

M 



Sp'\M) 



and thus a morphism to a strong triangulated derivator 



HO{M) ^ HO(Sp^(A^)) 



which commutes with homotopy colimits. 
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By theorem 13.251 we have at our disposal a diagram 

HO(X) 



stab 




St(HO(X))^-HO(Sp^(M)), 

which is commutative up to isomorphism in the 2-category of derivators. 

Now suppose also that we have a set G of small weak generators in Ho(A^), as in definitions 7.2.1 
and 7.2.2 in [ Hov01| . Suppose also that each object of G considered in Ai is cofibrant, finitely presented, 
homotopy finitely presented and has a finitely presented cylinder object. 

Example 3.30. Observe that the category Fun(A^j, Sset,) is pointed and finitely generated. By corollary 
7.4.4 in |Hov99| . the set 

is a set of small weak generators in Ho(Fun(Alj, Sset,)). Since the domains and codomains of the set 

(SU{P}) + 

are homotopically finitely presented objects, lemma [3.231 implies that is a set of small weak generators 
in Ho(L5],pFun(A1p Sset,)). Clearly the elements of G are cofibrant, finitely presented and have a finitely 
presented cylinder object. They are also homotopically finitely presented. 

Under the hypotheses above on the category A4 , we have the following comparison theorem 
Theorem 3.31. The induced morphism oj triangulated derivators 

if : St(H0(7W)) m{Sp^{M)) 

is an equivalence. 

The proof of theorem 13 . 3 1 1 will consist in verifying the conditions of the following general proposition. 

Proposition 3.32. Let F : Ti ^ T2 be a morphism of strong triangulated derivators. Suppose that 
the triangulated categories Ti(e) and T2(e) are compactly generated and that there is a set G C Ti(e) of 
compact generators, which is stable under suspensions and satisfies the following conditions : 

a) F(e) induces bijections 

HomT,(e)(ffi,52) Homj^(^){Fgi,Fg2), ygi,g2 e G 

and 

b) the set of objects {Fg \ g E G} is a set of compact generators in T2(e). 
Then the morphism F is an equivalence of derivators. 

Proof. Conditions a) and b) imply that F{e) is an equivalence of triangulated category, see |Nee01b| . 

Now, let i be a small category. We show that conditions a) and b) are also verified by F{L), Ti(i) 
and T2{L). By lemma [5.271 the sets 

{x\ {g)\ g e G, X : e ~y L} and {x\ (Fg) \g G G, x : e ^ L} 
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consist of compact generators for Ti(L), resp. T2(L), which are stable under suspensions. Since F 
commutes with homotopy colimits F{x\{g)) = x\{Fg) and so the following isomorphisms 

HomTi(L)(a;!(3i),X!(52)) - ^omj^(^){gi,x* x\{g2)) 

~ Uorr^J^(,){F{g^),F{x*x^Xg2))) 

~ HomT^^e){Fgi,x*F{x,Xg2))) 

~ Homj^^L^{x<F{gi),x<F{g2)) 

imply the proposition. □ 



Let us now prove theorem 13.311 : 

Proof. Let us first prove condition b) of proposition 13.321 Since the set Q of small generators in Ho(A^) 
satisfies the conditions of lemma 13.261 we have a set 

{^"stab{g)\g eG^neZ} 

of compact generators in St(HO(A^))(e), which is stable under suspensions. We now show that the set 

{S"LE°°(5)|.geg, neZ} 

is a set of compact generators in Ho(Sp^(A1)). These objects are compact because the functor Meuo in 
the adjunction 

Ho{M) 
Ho(Sp''(X)) 

commutes with filtered homotopy colimits. We now show that they form a set of generators. Let Y be an 
object in Ho(Sp'*'(y\/()), that we can suppose, without loss of generality, to be an 0-spectrum, see [HovOlj . 
Suppose that 

Hom(E"LS°°(.g,),>") ^ colimHom{g^, n"'Ym+p) ^ {*}, n^O. 

m 

Since Y is an fi-spectrum, we have 

Fp = * , Vp ^ . 

This implies that Y is isomorphic to * in Ho(Sp'*'(A^)). 

We now show condition a). Let gi and g2 be objects in Q. Observe that we have the following 
isomorphisms, see |Hel97) 

Homst(HO(A4))(e) {stab{gi), stab{g2)) 

- HomHo(^)(gi, (ew(o,o) ° loc o L[0, 0]){g2)) 

~ HomHo(^)(gi,eW(o,o)(liocolim(i[0,0](.g2) ^ rJcrL[0, 0] (32) ^ ••■))) 

- HomHo(A4)(5i,hocolimei;(o,o)(i[0,0](.92) ^ rj(TL[0, 0] (32) ^ •••)) 
~ colimHomHo(7W)(gi,rj-'i;-'(g2)) • 

Now, by corollary 4.13 in [HovOl] , we have 

HomHo(SpN(A,))(LS~(.gi),LE-(52)) ^ HomHo(SpN(A,)) (S°°(ff2))/) 

~ colimHomHo(Ai)(5i,f^"'(S'"(ff2))/), 

m 

where (E^(^2))/ denotes a levelwise fibrant resolution of E^(_g2) in the category Sp^(AI). 



3.8. Stabilization 
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Now, notice that since 172 is cofibrant, so is £'"(52) and so we have the following isomorphism 

r]™(S'"(g2))/ ^ ° (]LS)™(g2) 

in Ho(SP^(7W)). This implies that for j ^ 0, we have an isomorphism 

in Ho(Sp'^(7W)) and so 

Homst{HOiM))ie)istab{gi),stab{g2)) = HomHo(Sp'«(Ai))(LS°°(.9i),ILI]°°(.g2)) ■ 
Let now p be an integer. Notice that 

^omst{HO{M)){e){stab{gi),J:Pstab{g2)) = colim HomHo(x)(ffi, f^-'S-'+^'(52)) 

and that 

HomHo(SpN(A4))(ILS-(5i),EPLS-(.92)) = cohm HomHo(^)(gi, f^^l^^+f (32))/) ■ 

This proves condition a) and so the theorem is proven. □ 
Remark 3.33. If we consider for A4 the category LE,pFun(A^|^, Sset,), we have equivalences of derivators 
<f : St(Ls,pHotAi,.) ^ H0(Sp'^(Ls,pFun(A1J, Sset,))) ^ St(Ls,pHot^^) . 
Let D be a strong triangulated derivator. 

Now, by theorem 13.251 and proposition 13.221 we have the following proposition 
Proposition 3.34. We have an equivalence of categories 

ldom,(St(Ls,pHotdgcat,),©) Hom^it,p(HO(dgcat),B). 

Since the category Sset, satisfies all the conditions of theorem 13.311 we have the following character- 
ization of the classical category of spectra, after Bousfield-Friedlander |BF78| , by a universal property. 

Proposition 3.35. We have an equivalence of categories 

Homi(H0(Sp^f5'set.)),P) ^ ©(e) . 

Proof. By theorems 13.311 and 13.31 we have the following equivalences 

Hom,(HO(Sp'*'(S'set.)),I])) ^ Hom,(H0(5set.), ©) 

= Horn, (Hot.,©) 

~ Hom ifHot,©) 

~ ©(e)'. 

This proves the proposition. □ 

Remark 3.36. An analoguos caracterization of the category of spectra, but in the context of stable 00- 
categories is proved in ILur[ 17.6]. 
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3.9 DG quotients 

Recall from theorem 12 . 271 that we have at our disposal a Morita Quillen model structm'e on the category 
of small dg categories dgcat. The homotopy category Ho(dgcat) is pointed. In the following, we will be 
considering this Quillen model structure. We denote by / the set of generating cofibrations. 

Notation 3.37. We denote by £ the set of inclusions of full dg subcategories 

where 7i is a strict finite /-cell. 

Recall that we have a morphism of derivators 

Ut := stab o^oRh: HO(dgcat) St(Ls,pHotdgcat^ ) 

which commutes with filtered homotopy colimits and preserves the point. 
Let us now make some general arguments. 

Let D be a pointed derivator. We denote by / the category associated to the graph 

0^1. 

Consider the functor t = 1 : e — > /. Since the functor t is an open immersion and the derivator D is 
pointed, the functor 

t, : B(e) ^ D(/) 



has a left adjoint 

see |CN) . We denote it by 



t- : D(/) ^ D(e) 



cone : D(/) D(e) , 



Let _F ; D ^ D' be a morphism of pointed derivators. Notice that we have a natural transformation of 
functors. 

S : cone o F{I) F{e) o cone . 

R 

Proposition 3.38. Let B he an inclusion of a full dg subcategory and \~ ji 





the associated object in HO(dgcat)(n), where denotes the terminal object in Ho(dgcat). Then there 
exists a filtered category J and an object Dr in HO(dgcat)(r x J), such that 

where p : F x J — > P denotes the projection functor. Moreover, for every point j : e J in J the object 
(1 X j)* in HO(dgcat)(r) is of the form 

Lj 

where Yj — > Xj, belongs to the set £. 



3.9. DG quotients 
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Proof. Apply the small object argument to the morphism 

— >6 

using the set of generating cofibrations / and obtain the factorization 






Q{B) 

where i is an /-cell. Now consider the following fiber product 



— ^B. 

Notice that p^^{A) is a full dg subcategory of Q{B). 
Now, by proposition 13.101 we have an isomorphism 

colimXj ^ Q{B) , 

where J is the filtered category of inclusions of strict finite sub- /-cells Xj into Q{B). 
For each j G J, consider the fiber product 



p-HA)^ ^Q{B). 

In this way, we obtain a morphism of diagrams 

{Y]}]eJ ^ {XjjjeJ , 

such that for each j in J, the inclusion 

Yj X, 

belongs to the set £ and J is filtered. 
Consider now the diagram Dj 

{O^Y,^X,}^^j 

in the category Fun(r x J, dgcat). Now, notice that we have the isomorphism 

colim {0 ^ Yj ^ Xj} ^ {0 ^ P'^{A) ^ Q{B)} 

in Fun (r, dgcat) and the weak equivalence 

{0- p-'{A)^ — ^Qm 



{0. 



■A^ 



B} 
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in Fun(F, dgcat), when endowed with the projective model structure, see [Hir03| . Since Fun(F, dgcat) is 
clearly also compactly generated, we have an isomorphism 

hocolim (0 ^ Yj Xj) colim (0 ^ Yj Xj) . 

Finally, notice that Dji is an object of HO(dgcat)(n x J) and that p\{Dji), where p : \~ x J ^ J 
denotes the projection functor, identifies with 

hocolim (0 ^ Yj Xj). 

This proves the proposition. □ 

Notation 3.39. We denote by Est the set of morhisms Sl, where L belongs to the set £. 
Let D be a strong triangulated derivator. 

Theorem 3.40. // 

G:St(LE,pHotdgcat,)^© 

is a morphism of triangulated derivators commuting with arbitrary homotopy colimits and such that 
G{e){SL) is invertible for each L in £, then G{e){SK) is invertible for each inclusion K : A ^ B of a 
full dg subcategory. 

Proof. Let .4 ^ S be an inclusion of a full dg subcategory. Consider the morphism 
in St(Ls,pHotdgcatj.)(n). 

Let Dk be the object of HO(dgcat)(nx J) constructed in proposition l3.38l In particular P|(Z?A') ^ k, 
where p' : F x J ^ F denotes the projection functor. 

The inclusion i : F ^ □, induces a commutative square 

HO(dgcat)(n X J) ^ll^l^ St(Ls,pHotdgcat,)(n x J) 



(jxl)* 



(ixl)* 



HO(dgcat)(F X J) . St(Ls,pHotdgcat,)(r x J) 

LAT ( LJ X ,7 ) 

and a morphism 

* : ((i X 1), oWt(F X J)){Dk) — > {Ut{U x J) o {i x 1)0{Dk) ■ 
We will now show that 

p\^ (fiK , 

where p : O x J O, denotes the projection functor. 

The fact that we have the following commutative square 

a^^D X J 

ixl 

F-« -Fx J 
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and that the morphism of derivators IAt commutes with filtered homotopy coUmits implies the following 
equivalences 

— pi o (i X l)\ o Urir X j){DK) p\ oUt{0 X J) o (i X l)\{Dk) 

^hop^oUri^ X J){Dk) Urinx J)op,o lixl)i{DK) 

^i\oUT{^)op\{DK) UTln)oi,op',{DK) 

~ (z, oz^Tr))(r^) ^ iUT{a)oi,){rK) 

= 

This shows that 

We now show that ^> is an isomorphism. For this, by conservativity, it is enough to show that for every 
object J : e — > J in J, the morphism 

is an isomorphism in St(L5]^pHotdgcat^ Recall from proposition l3. 381 that (1 x j)*{Dji) identifies with 

where Lj belongs to £. Wc now show that (1 x identifies with tpLj, which by hypotheses, is an 

isomorphism. 

Now, the following commutative diagram 

1X7 

□ — X J 



r X J 

and the dual of proposition 2.8 in [Ciscj imply that we have the following equivalences 
(1 X j)** 

= ((1 X j)* o (i X 1), oWtTx J))(L)k) ^ {{1 X j)* oUrinx J) o{ix 1),){Dk) 
^{ho{lx j)* oUrir X J)){Dk) {Ut{D X J) o {l X j)* o li X 1),){Dk) 

~ (z,oZ^Tr)o(l xj)*)Pi^) ^ {UTiD)oi^,o{lxj)*){DK) 

^i^oUrinrL,) ^ WT(n)o*!(rij 

Since by hypotheses ipL^ is an isomorphism and the morphism G commutes with homotopy colimits the 
theorem is proven. □ 



3.10 The universal localizing invariant 

Recall from thcorem l3.31l and rcmark IS . 33l that if we consider for the category A4 the category Ls_pFun(dgcatj, Sset, ), 
see example I3.30[ we have an equivalence of triangulated derivators 

: St(Ls,pHotdgcat,) ^ H0(Spf*(Ls,pFun(dgcat^,5set.))). 

Now, stabilize the set Sst defined in the previous section under the functor loop space and choose for 
each element of this stabilized set a representative in the category Sp^(Lx;,pFun(dgcatj, S'sei,)). We 

denote the set of these representatives by Est- Since Sp^(Ls^pFun(dgcatj, S'set,)) is a left proper, cel- 
lular Quillen model category, see |Hov01| . its left Bousfield localization by £st exists. We denote it by 
Lg^^Sp^(Ls,pFun(dgcat;^,S'sei.)). By lcmma[3J]it is a stable Quillen model category. 
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Remark 3.41. Since the localization morphism 



Lid 



7 : St(Ls,pHotdgcat,) ^ HO(L^^Sp'"(Ls,pFun(dgcat}, ^set.))) 



commutes with homotopy colimits and inverts the set of niorphisms £st, theorem l3.40l allows us to conclude 
that it inverts all morphisms Sk for each inclusion A ^ B of sl full dg subcategory. 

Definition 3.42. - The Localizing motivator of dg categories Ad^^g is the triangulated derivator 
associated with the stable Quillen model category 

Sp'^(Ls,pFun(dgcat°, Sset,)) . 

- The Universal localizing invariant of dg categories is the canonical morphism of derivators 

Ui : HO(dgcat) 

We sum up the construction of M''£g in the following diagram 



dgcat.[5-i] 



HO(dgcat) 




St(Ls.pHotdgcatj.) 



Observe that the morphism of derivators Ui is pointed, commutes with filtered homotopy colimits and 
satisfies the following condition: 



K 



Dr) For every inclusion ^ ^ of a full dg subcategory the canonical morphism 



K 



Sk ■■ coneiUi{A ^ B)) Ui^B/A) 



is invertible in M^^gie). 



We now give a conceptual characterization of condition Dr). Let / be the category associated with 
the graph 0^1. 



K 



Lemma 3.43. The isomorphism classes in HO(dgcat)(/) associated with the inclusions A ^ B of full 
dg subcategories coincide with the classe of homotopy monomorphims in dgcat, see section 2 in fToeOT^ . 
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Proof. Recall from section 2 in [Toe07j that in a model category Ai a morphism X ^ Y is a. homotopy 
monomorphism if for every object Z in the induced morphism of simphcial sets 

Map(Z,X) h Map(Z,y) 

induces an injection on ttq and isomorphisms on all tt^ for i > (for all base points). 

Now, by lemma 2.4 of jToeOTj a dg functor ^ S is an homotopy monomorphism on the quasi- 
equivalent Quillen model category on dgcat if and only if it is quasi-fuUy faithful, i.e. for any two objects 
X and y in ^ the morphism of complexes \-\om^{X,Y) — > Homg(i^X, FF) is a quasi-isomorphism. 

Recall that by remark B.40l the mapping space functor Map(^, B) in the Morita Quillen model category 
identifies with the mapping space Map{A, Bf) in the quasi-equivalent Quillen model category, where 

Bf denotes a Morita fibrant resolution of B. This implies that a dg functor ^ ^ B is a homotopy 

monomorphism if and only if ;B/ is a quasi- fully faithful dg functor. 

Now, notice that an inclusion ^ ^ ;B of a full dg subcategory is a homotopy monomorphism. Con- 
versely, let ,4 — > S be a homotopy monomorphism. Consider the diagram 




where Af denotes the full dg subcategory of whose objects are those in the image by the dg functor 
Ff. Since Ff is a quasi- fully faithful dg functor, the dg functor tt is a quasi-equivalence. This proves the 
lemma. □ 

Remark 3.44. Lemma 13.431 shows that condition Dr) is equivalent to 

Dr') For every homotopy monomorphism A ^ B in HO(dgcat)(/) the canonical morphism 



cone(Z^;(^ ^ B)) Ui{cone{F)) 



is invertible in •M^°„'^(e). 



Let P be a strong triangulated derivator. 
Theorem 3.45. The morphism lAi induces an equivalence of categories 



Hom,(Al'°^ 



dg 



Horn.;, n,„(HO(dgcat),] 



where Hom p(HO(dgcat), D) denotes the category of morphisms of derivators which commute ivith 
filtered homotopy colimits, satisfy condition Dr) and preserve the point. 



Proof. By theorem 13.81 we have the following equivalence of categories 

Hom,(7W^°/,D) X Horn, _£~(St(Ls,P Fun (dgcat;^.,S'set.)),D). 
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We now show that we have the foUowing equivalence of categories 

Horn , ^^(St(Ls,pFun(dgcat|^., S'set.)),©) ^ Homi.g^, (St(Ls,pFun(dgcaty , S'set.)), D) . 

Let G be an element of Horri i (St(L5],pFun(dgcat^, Sset,)),0) and s an element of Est- We show that 
the image of s under the functor G{e)o^l{e) is an isomorphism in ©(e). Recall from the proof of lemma [377l 
that the functor G{e) commutes with Y,{e). Since the suspension and loop space functors in D(e) are 
inverse of each other we conclude that the image of s under the functor G(e) o n(e) is an isomorphism in 
D(e). Now, simply observe that the category on the right hand side of the above equivalence identifies 
with Horn jn p(HO(dgcat), D) under the equivalence 

Hom,(St(Ls,pHotdgcat,),©) Homy;,^p(HO(dgcat),B) , 

of proposition 13. 341 

This proves the theorem. □ 

Terminology 3.46. We call an object of the right hand side category of theorem l3.45l a localizing invariant 
of dg categories. 

We now present some examples. 
Hochschild and cyclic homology 

Let be a small /c-flat /c-category. The Hochschild chain complex of A is the complex concentrated in 
homological degrees p ^ whose pth component is the sum of the 

A{Xp, Xo) ® A{Xp, Xp^i) (8) AiXp^i,Xp^2) «•••«) AiXo, Xi) , 

where Xq, . . . , Xp range through the objects of A, endowed with the differential 

p 

(i(/p ® . . . /o) ^ fp-l «)■•■«) fofp + Xl("l)*/P ^■■■^ f^f^-l ® • • • ® /O • 

i=l 

Via the cyclic permutations 

tp{fp-i ® • • • ® /o) = (-l)^/o ® /p-i • • • ® /i 

this complex becomes a precyclic chain complex and thus gives rise to a mixed complex C{A), i.e. a 
dg module over the dg algebra A = k[B]/{B'^), where B is of degree —1 and dB = 0. All variants of 
cyclic homology only depend on C{A) considered in I'(A). For example, the cyclic homology of A is the 

homology of the complex C{A) (g^A k, cf. |Kas87j . 

If ^ is a A;-flat differential graded category, its mixed complex is the sum-total complex of the bicomplex 
obtained as the natural re-interpretation of the above complex. If A is an arbitrary dg fc-category, its 
Hochschild chain complex is defined as the one of a A:-flat (e.g. a cofibrant) resolution of A. The following 
theorem is proved in |Kel99| . 

Theorem 3.47. The map A ^—> C{A) yields a morphism of derivators 

HO(dgcat) ^ HO(A - Mod) , 

which commutes with filtered homotopy colimits, preserves the point and satisfies condition Dr). 

Remark 3.48. By theorem 13.451 the morphism of derivators C factors through Ui and so gives rise to a 
morphism 

C : HO(A - Mod) . 
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Non-connective fT-theory 

Let ^ be a small dg category. Its non-connective if-theory spectrum K{A) is defined by applying 
Schlichting's construction [Sch06| to the Frobenius pair associated with the category of cofibrant perfect 
^-modules (to the empty dg category we associate 0). Recall that the conflations in the Frobenius 
category of cofibrant perfect ^-modules are the short exact sequences which split in the category of 
graded ^-modules. 

Theorem 3.49. The map A ^ K{A) yields a morphism of derivators 

HO(dgcat) HO{Spt) , 

to the derivator associated with the category of spectra, which commutes with filtered homotopy colimits, 
preserves the point and satisfies condition Dr). 

Proof. Proposition 11.15 in |Sch06j . which an adaption of theorem 1.9.8 in [TT90j . implies that we have 
a well defined morphism of derivators 

HO(dgcat) ^ HO(S'pt) . 

Lemma 6.3 in [Sch06| implies that this morphism commutes with filtered homotopy colimits and theorem 
11.10 implies that condition Dr) is satisfied. □ 

Remark 3.50. By theorem 13.451 the morphism of derivators K factors through Ui and so gives rise to a 
morphism 

K : HO{Spt) . 

We now establish a connection between Waldhausen's ^.-construction, see |Wal85j and the suspension 
functor in the triangulated category M^^g{e). Let ^ be a Morita fibrant dg category, see proposition l2.34l 
Notice that Z°{A) carries a natural exact category structure obtained by pulling back the graded-split 
structure on Cdg{A) along the Yoneda functor 

h:Z'\A) ^ Cdg{A) 

A ^ Hom*(?,A). 

Notation 3.51. Remark that the simplicial category S,A, obtained by applying Waldhausen's S'.-construction, 
see |Wal85) to Z'^{A), admits a natural enrichissement over the complexes. We denote by S,A this sim- 
plicial Morita fibrant dg category obtained. 

We denote by S,A the Waldhausen 5", -construction of A, see |Wal85| . Observe that we obtain in this 
way a simplicial Morita fibrant dg category. We denote by A the simplicial category, see |McC94j . and 
by p ; A — > e the projection functor. 

Proposition 3.52. There is a canonical isomorphism in A^^°'^(e) 

p,UiiS,A) ^ UiiA)[l] . 

Proof. As in [McC941 3.3], we consider the sequence in HO(dgcat)(A) 

A ^ PS,A ^ S,A -> , 

where A, denotes the constant simplicial dg category with value A and PS, A the path object of S,A. 
For each point n : e — > A, the nth component of the above sequence is the following short exact sequence 
in Ho(dgcat) 

0-^A^ PSnA = Sn+lA ^ SnA , 



94 



Chapter 3. Higher if -theory via universal invariants 



in A^^°Q (e). We now show that we have natural isomorphisms 



where / maps A £ A to the constant sequence 

O^A^iA^-.-HA 

and Q maps a sequence 

O^Ao^Ai^ >An 

to 

Ai/Ao^ > A.^/Ao . 

Since the morphism of derivators lAi satisfies condition Dr), the conservativity axiom imphes that we 
obtain a triangle 

UiiA,) ^ UiiPS,) ^ UiiS,) ^ UiiA,)[l] 

in A4'-£g{A). By applying the functor p\, we obtain the following triangle 

PiUiiA.) ^ PiUi{PS.A) ^ pMiiS.A) ^ P^UiiA,)[l] 
P^Ui{A,) ^Ui{A) 

and 

pMps,a)^q, 

in M.^^g{e), where denotes the zero object in the triangulated category M''^g{e). This clearly imphes 
the proposition. Since the morphisms of derivators stab and 7 commute with homotopy colimits it is 
enough to show that we have isomorphisms 

pMh{A,) ^ m{A) 

and 

pMh{PS,A) ^ * 

in Hotdgcat^. (e), where * denotes the terminal object in Hotdgcat^ (e). Notice that since A and PSnA, n ^ 
are Morita fibrant dg categories, we have natural isomorphisms 

h{A,) ^Rh{-^,) 

and 

hiPS,A) ^ miPS,A) 

in Hotdgcat/A). 

Now, since homotopy colimits in Fu n (dgcat j, S'sei) are calculated objectwise and since h{A,) is a 
constant simplicial object in Fu n (dgcat j, S'set), corollary 18.7.7 in |Hir03| implies that we have an iso- 
morphism 

p,m{A,) ^ Rh{A) 

m^l^°;(e). 

Notice also that since PS, A is a contractible simplicial object, see |McC94) . so is h{PS,A). Since 
homotopy colimits in Fu n (dgcat j, S'set) are calculated objectwise, we have an isomorphism 

p,m{PS,A) ^ * 

in Hotdgcatj.(e). 

This proves the proposition. 

□ 
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3.11 A Quillen model in terms of presheaves of spectra 

A 

dg ■ 



In this section, we construct another QuiUen model category whose associated derivator is J\A^°^ 



Consider the Quillen adjunction 

Fu n(dgcat J, S'set.) 



Sp'^(Fun(dgcat^,S'sei.))- 

Recall from section [37fl that we have a set of morphisms (S U {P})+ in the category Fun(dgcat^, Sset,). 
Now stabilize the image of this set by the derived functor LI]°°, under the functor loop space in 
Ho(Sp'^(Fun(dgcat},S'set.))). For each one of the morphims thus obtained, choose a representative in the 
model category Sp'^(Fun(dgcatj, Sset,)). 

Notation 3.53. Let us denote this set by G and by LGSp'^(Fun(dgcat^, Sset,)) the associated left Bousfield 
localization. 

Proposition 3.54. We have an equivalence of triangulated strong derivators 

HOiSp^\Ls^pFun{M'},Sset.))) ^ HO(LGSp^(Fun(A^J, S'set.))) . 

Proof. Observe that theorems 13.81 and 13.311 imply that both derivators have the same universal property. 
This proves the proposition. □ 



Remark 3.55. Notice that the stable Quillen model category 



Sp^{fun{M°f,Sset.)) 



FuniM^Sp^ {S set,)) 



identifies with 

endowed with the projective model structure. 

The above considerations imply the following proposition. 

Proposition 3.56. We have an equivalence of derivators 

HO(Lg- ^Fun(dgcat^,Sp'*'(5sei.))) ^ . 



3.12 Upper triangular DG categories 

In this section we study upper triangular dg categories using the formalism of Quillen's homotopical 
algebra. In the next section, we will relate this important class of dg categories with split short exact 
sequences in Ho(dgcat). 

Definition 3.57. An upper triangular dg category B is given by an upper triangular matrix 

where A and C are small dg categories and X is a ^-C-bimodule. 

A morphisniF ■ B!_ of upper triangular dg categories is given by a triple F_ :— (F4, Fc,Fx), where 
F4, resp. Fc, is a dg functor from A to A' , resp. from C to C, and Fx is a morphism of ^-C-bimodules 
from X to X' (we consider X' endowed with the action induced by Fj^ and Fq). The composition is the 
natural one. 



96 



Chapter 3. Higher if -theory via universal invariants 



Notation 3.58. We denote by dgcat*'" the category of upper triangular dg categories. 
Let B e dgcat*''. 

Definition 3.59. Let \B\ be the totalization of B, i.e. the small dg category whose set of objects is the 
disjoint union of the set of objects of A and C and whose morphisms are given by 



Hom^(a;,x') if x, x' E A 



Hom|B|(x,x') 
We have the following adjunction 



Homc(a;, x') 
Xix,x') 




dgcat 



if X, x' e C 
if X e A, x' e C 
if X eC, x' e A 



l-l 



dgcat , 



where 



liB') 



B' 




Homg-(-, -) 
B' 



Lemma 3.60. The category dgcat*'^ is complete and cocomplete. 

Proof. Let {Bj}j^j be a diagram in dgcat**^. Observe that the upper triangular dg category 

''colim Aj colim \Bj 




colim C, 

is the colim ^j-colim Cj-bimodule naturally associated with the dg category colim \Bj \ , 
jeJ jeJ j€J — 

corresponds to colim Bj. Observe also that the upper triangular dg category 



where colim \Bj\\ 



lim Aj 



lim X, 
lim C, 



corresponds to lim Sj. This proves the lemma. 

jGJ 

Notation 3.61. Let pi{B) := A and p2{B) := C. 

We have at our disposal the following adjunction 



□ 



dgcat 



Pl Xp2 



dgcat X dgcat , 



where 



E{B',B") 



B' 






B" 



Recall from theorem 12.271 that dgcat admits a structure of cofibrantly generated Quillen model category 
whose weak equivalences are the Morita dg functors. This structure clearly induces a componentwise 
model structure on dgcat x dgcat which is also cofibrantly generated. 
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Proposition 3.62. The category dgcat ^ admits a structure of cofibrantly generated Quillen model cate- 
gory whose weak equivalences, resp. fibration, are the morphisms F_: B—^ such that {pi x P2){F_) are 
weak equivalences, resp. fibrations, in dgcat x dgcat. 

Proof. We show that the previous adjunction {E,pi y.p2) verifies conditions (1) and (2) of theorem 11.3.2 
from |Hir03j . 

(1) Since the functor E is also a right adjoint to pi x P2, the functor pi x p2 commutes with colimits 
and so condition (1) is verified. 

(2) Let J, resp. J x J, be the set of generating trivial cofibrations in dgcat, resp. in dgcat x dgcat. 
Since the functor pi x p2 commutes with filtered colimits it is enough to prove the following: let 
G.BI_~^ be an element of the set E{J x J), Ban object in dgcat**^ and B^^ Ba morphism in 
dgcat*'^. Consider the following push-out in dgcat*'^ : 



B^- 

G 

B" 



B 



BHUS.- 



We now prove that {pi x P2){G^) is a weak-equivalence in dgcat x dgcat. Observe that the image 
of the previous push-out under the functors pi and p2 correspond to the following two push-outs in 
dgcat : 



A' 

V 



A 



G., 



A" 



G, 



.A"UA 



C 

V 



Gr, 



C" 



■c 



. C'lJC . 



Since G^'^ and Gc^ belong to J the morphism 

{Pi^P2){G,)^{Ga',.GcO 
is a weak-equivalence in dgcat x dgcat. This proves condition (2). 
The proposition is proven. □ 



Let B,B^e dgcat*^ 

Definition 3.63. A morphism F : ^ is a total Morita dg functor if F4 and Fc are Morita dg 

functors, see section [2.51 and Fx is a quasi-isomorphism of yl-C-bimodules. 

Remark 3.64. Notice that if F is a total Morita dg functor then \F\ is a Morita dg functor in dgcat but 
the converse is not true. 

Theorem 3.65. The category dgcat**^ admits a structure of cofibrantly generated Quillen model category 
whose weak equivalences W are the total Morita dg functors and whose fibrations are the morphisms 
F_ : B B^ such that Fj^ and Fc are Morita fibrations, see theorem \2.27\ and Fx is a componentwise 
surjective morphism of bimodules. 
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Proof. The proof is based on enlarging the set E{I x /), resp. E{J x J), of generating cofibrations, resp. 
generating trivial cofibrations, of the Quillen model structure of proposition 13.621 
Let / be the set of morphisms in dgcat*'^ 



k S'"'-^\ fk 



, rt G Z , 
















^ 


k 1 



where 5'""^ is the complex k[n — 1] and D" the mapping cone on the identity of S*"^^. The fc-fc-bimodule 
S'^~^ is sent to D" by the identity on k in degree n — 1. 
Consider also the set J of morphisms in dgcat*'' 

,72 eZ. 

Observe that a morphism F : B ^ in dgcat''' has the right lifting property (=R.L.P.) with respect 
to the set J, resp. /, if and only if Fx is a componentwise surjective morphism, resp. surjective quasi- 
isomorphism, of ^-C-bimodules. 

Define / := E{I x I) LI I as the set of generating cofibrations in dgcat*'^ and J :— E{J x J) LI J as 
the set of generating trivial cofibrations. We now prove that conditions (l)-(6) of theorem 2.1.19 from 
[Hov99| are satisfied. This is clearly the case for conditions (l)-(3). 

(4) We now prove that J— cell C W, see [HirOSj . Since by proposition l3.62l we have E{J x J)~cell C W, 
where W denotes the weak equivalences of proposition 13.621 it is enough to prove that pushouts 
with respect to any morphism in J belong to W. Let n be an integer and B_ an object in dgcat**^. 
Consider the following push-out in dgcat''^ : 







k £)" 
k 



B 



■B' 



Notice that the morphism T corresponds to specifying an object A in ^ and an object C in C. The 
upper triangular dg category B^ is then obtained from B by gluing a new morphism of degree n from 
A to C. Observe that i?^ and Rc are the identity dg functors and that Rx is a quasi-isomorphism 
of bimodules. This shows that R belongs to W and so condition (4) is proved. 

(5-6) We now show that R.L.P.(/)==R.L.P.( J) n W. The proof of propositionEHimplies that R.L.P.{E{Ix 
I))=R.L.P.{E{J X J)) nW. Let F: B^ Bihe a morphism in R.L.P.(/). Clearly F belongs to 
R.L.P.(J) and Fx is a quasi-isomorphism of bimodules. This shows that R.L.P.(/) C R.L.P.(J) n 
W. 

Let now F_ : B ^ &_hc a morphism in R.L.P.(J) n W. Clearly F belongs to R.L.P.(/) and so 
R.L.P.(J) n W C R.L.P(/). This proves conditions (5) and (6). 

This proves the theorem. □ 

Remark 3.66. Notice that the Quillen model structure of theorem 13.651 is cellular, see [Hir03| and that 
the domains and codomains of I (the set of generating cofibrations) are cofibrant, Ho-compact, Ho-small 
and homotopically finitely presented, see definition 2.1.1. from |TV| . This implies that we are in the 
conditions of proposition 13. 101 and so any object B in dgcat*'' is weakly equivalent to a filtered colimit of 
strict finite /-cell objects. 
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Proposition 3.67. If B be a strict finite I-cell object in dgcat*'', thenpi{B), _P2® and \B\ are strict 
finite I-cell objects in dgcat. 

Proof. We consider the following inductive argument : 



notice that the initial object in dgcat ' is 








and it is sent to (the initial object in dgcat) by the functors pi, p2 and | — |. 

suppose that B is an upper triangular dg category such that Pi{B), P2{B) and \B\ are strict finite 
J-cell objects in dgcat. Let G : B^ ^ B^ be an element of the set I in dgcat**^, see the proof of 
theorem 13.651 and B[^ B a morphism. Consider the following push-out in dgcat**^ : 



B' 



B 



B" 



PO. 



We now prove that pi(PO), P2{P0) and |P0| are strict finite /-cell objects in dgcat. We consider 
the following two cases : 

1) G belongs to E{I x /): observe that pi(PO), p2(P0) and |P0| correspond exactly to the 
following push-outs in dgcat : 



A' 



A" 



■A 



■Pi(PO) 



C 



Gr 



c A'uc — 

G^,UGc 

■P2(P0) A"UC" -|P0| 



Since Gj,' and Gc' belong to / this case is proved. 

2) G belongs to /: observe that pi(PO) identifies with A, p2{P0) identifies with C and |P0| corresponds 
to the following push-out in dgcat : 



C(n) 

Sin) 

V{n) 



\B\ 



|P0|, 



where S{n) is a generating cofibration in dgcat, see theorem 11.81 This proves this case. 
The proposition is proven. 



□ 



3.13 Split short exact sequences 

In this section, we establish the connection between split short exact sequences of dg categories and upper 
triangular dg categories. 
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Deflnition 3.68. A split short exact sequence of dg categories is a short exact sequence of dg categories, 
see |Kel06b] . which is equivalent in Hmo to one of the form 



^A=^B—^C ^0, 

lA P 

where we have P o = 0, i? is a dg functor right adjoint to i^i, ic is a dg functor right adjoint to P and 
we have P o iq = Idc and Ro ij^ = Idj^ via the adjunction morphisms. 

To a split short exact sequence, we can naturally associate the upper triangular dg category 

_ (A Home(ic(-),M(-)) 
- ■ \Q C 

Conversely to an upper triangular dg category B_ such that A and C admit a zero object (for instance 
if they are Morita fibrant), we can associate a split short exact sequence 

^A^=^\B\^=^C -0, 



where P and R are the projection dg functors. Moreover, this construction is functorial in B and sends 
total Morita equivalences to Morita equivalent split short exact sequences. Notice also that by lemma l5.60l 
this functor preserves colimits. 

Proposition 3.69. Every split short exact sequence of dg categories is weakly equivalent to a filtered 
homotopy colimit of split short exact sequences whose components are strict finite I-cell objects in dgcat. 

Proof. Let 

B. ic 



^A^=^B^=^C ^0, 

be a split short exact sequence of dg categories. We can supose that A, B and C are Morita fibrant dg 
categories, see proposition 12. 341 Consider the upper triangular dg category 



B := 



A Homf5(ic(-),M(-)) 
C 



Now by remark [3. 661 B is equivalent to a filtered colimit of strict finite /-cell objects in dgcat**^. Consider 
the image of this diagram by the functor, described above, which sends an upper triangular dg category 
to a split short exact sequence. By proposition 13.671 the components of each split short exact sequence 
of this diagram are strict finite /-cell objects in dgcat. Since the category dgcat satisfies the conditions 
of proposition 13 . 1 Ol filtered homotopy colimits are equivalent to filtered colimits and so the proposition 
is proven. □ 



3.14 Quasi- Additivity 

Recall from section [3. 101 that we have at our disposal the Quillen model category Ls^p Fun (dgcat j, S'set) 
which is homotopically pointed^ i.e. the morphism — > from the initial object to the terminal one *, 
is a weak equivalence. We now consider a strictly pointed Quillen model. 
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Proposition 3.70. We have a Quillen equivalence 

* i Ls,pFun(X°,S'set) 

(-)4 



Ls.pFun(X° S-sei) 



where U denotes the forgetful functor. 



This follows from the fact that the category L5],pFun(dgcatj, Sset) is homotopically pointed and from 
the following general argument. 

Proposition 3.71. Let Ai be a homotopically pointed Quillen model category. We have a Quillen 
equivalence. 



(-)4 



M 

u 



M, 



where U denotes the forgetful functor. 



Proof. Clearly the functor U preserves cofibrations, fibrations and weak equivalences, by construction. 
Let now N ^ Ai and M E * i A4. Consider the following commutative diagram in A4 




where /" is the morphism which corresponds to /, considered as a morphism in A4, under the adjunction 
and i : — » *. Since the morphism i 11 1 corresponds to the homotopy colimit of i and 1, which are both 
weak equivalences, proposition 13.51 implies that j 11 1 is a weak equivalence. Now, by the property '2 out 
of 3', the morphism / is a weak equivalence if and only if f'^ is one. This proves the proposition. □ 

Notation 3.72. Let A and B be small dg categories. We denote by rep„^gj.{A, B) the fuU-dg-subcategory 
of Cdg{A°P iX> B), where Ac denotes a cofibrant resolution of A, whose objects are the bimodules X such 
that X{7, A) is a compact object in 'D{B) for all A E Ac and which are cofibrant as bimodules. We denote 
by wA the category of homotopy equivalences of A and by N.wA its nerve. 

Now, consider the morphism 

Ho(dgcat) ^ Ho{* I L^_pfun{M}, Sset)) 
r Homdgcat(r(?),^/)+ 
A ^ { ^Map,g,3,(?,^)+ 

[ ^N.wrep.^J?,A)+ 

which by sections (3.51 13 . 61 and proposition l3.70l corresponds to the component ($oM/i)(e) of the morphism 
of derivators 

$ o M/i : HO(dgcat) — > Ls,pHotdgcat^ , 
see proposition l3.22l Observe that the simplicial presheaf N.wrepj^gj.{7, A) is already canonically pointed. 
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Proposition 3.73. The canonical morphism 

* : iV.u;rep„„,(?,^)+ ^ iV.u;rep„„,(?, ^) 
is a weak equivalence in * I Ls.pFun(A^p S'sei). 

Proof. Observe that N.wrepj^gj.{7 , A) is a fibrant object in * j Ls.pFun(A ^y, S set) and that the canonical 
morphism '5 corresponds to the co-unit of the adjunction of proposition 13.701 Since this adjunction is a 
Quillen equivalence, the proposition is proved. □ 

Recall now from remark 13.241 that we have a canonical equivalence of pointed derivators 

Ls.pHotdgcat^ » Ls^pHotdgcaty:^ , 

where L5],pHotdgcat^^ is the derivator associated with the Quillen model category Ls^pFun(dgcat^, Sset,). 
From now on, we will consider this Quillen model. We have the following morphism of derivators 

$ o R/i : HO(dgcat) — > Ls,pHotdgcat^ , , 

which commutes with filtered homotopy colimits and preserves the point. 
Notation 3.74. - We denote by the set of retractions of dg categories 

R 



where G and Ti. are strict finite /-cell objects in dgcat, ig is a fully faithful dg functor, i? is a right 
adjoint to ig and Roig ^ Idg . 

- We denote by the set of morphisms Sl in Ls^pHotdgcatj.^(e), see section where L belongs 
to the set f . 

Now choose for each element of the set a representative in the category Ls^pFun(dgcat^, Sset,). 
We denote this set of representatives by Since L^, p Fun (dgcat S'set.) is a left proper, cellu- 

lar Quillen model category, see |Hir03j . its left Bousfield localization by exists. We denote it by 
L^L^ P fun{dgcat°j:, Sset,) and by L^^- Ls^pHotdgcat^ the associated derivator. We have the following 
morphism of derivators 

* : Ls.pHotdgcatj, Lg^-Ls pHotdgcatj.^ ■ 

Remark 3.75. - Notice that by construction the domains and codomains of the set are homo- 
topically finitely presented objects. Therefore by lcmma [3.23l the set 

of cofibers of the generating cofibrations in fun{A4j, Sset,) is a set of small weak generators in 
Ho(Lg^ Ls,pFun(7W°, Sset,)). 

- Notice also that proposition 13.691 implies that variants of proposition 13.381 and theorem 13.401 are 
also verified: simply consider the set f instead of £ and a retraction of dg categories instead of an 
inclusion of a full dg subcategory. The proofs are exactly the same. 

Let M he a left proper cellular model category, S a set of maps in M and LsM the left Bousfield 
localization of with respect to S, see |Hir03] . Recall from jHir03( 4.1.1.] that an object X in LsA4 is 
fibrant if X is fibrant in A4 and for every element f : A ^ B oi S the induced map of homotopy function 
complexes /* : Map{B, X) Map{A, X) is a weak equivalence. 
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Proposition 3.76. An object F G L^^p Fun (dgcatj, S'set.) is fibrant if and only if it satisfies the 
following conditions 

1) F{B) G Sset, is fibrant, for all B G dgcatj. 

2) F{9) G Sset, is contractible. 

3) For every Morita equivalence B ^ B' in dgcaty the morphism F{B') F{B) is a weak equivalence 
in Sset,. 

4 ) Every split short exact sequence 

R »e" 

^ B' B B" ^ 

p 

in dgcat^ induces a homotopy fiber sequence 

F{B") F{B) F{B') 

in Sset. 

Proof. Clearly condition 1) corresponds to the fact that F is fibrant in Fun(dgcat^, Sset,). Now observe 
that Fun(dgcatj, Sset,) is a simplicial Quillen model category with the simplicial action given by 

Sset X Fun{dgcat°f, Sset,) Fu n (dgcat|^, S'sei.) 

{K,F) ^ K+AF, 

where A F denotes the componentwise smash product. This simplicial structure and the construction 
of the localized Quillen model category 

LgT- L5],pFun(dgcatj, Sset,), see section lXTl allow us to recover conditions 2) and 3). Condition 4) follows 
from the construction of the set and from the fact that the functor 

Map(?,i^) : funidgcat}, Sset,)''P Sset 

transforms homotopy cofiber sequences into homotopy fiber sequences. 

This proves the proposition. □ 

Let ^ be a Morita fibrant dg category. Recall from notation 13.511 that S,A denotes the simplicial 
Morita fibrant dg category obtained by applying Waldhausen's S'.-construction to the exact category 
Z*'(^) and remembering the enrichment in complexes. 

Notation 3.77. We denote by K{A) G Fu n (dgcat S'set,) the following simplicial presheaf 

B ^ \N.wS,rep^,,{B,A)\, 
where | — | denotes the fibrant realization functor of bisimplicial sets. 

Proposition 3.78. The simplicial presheaf K (A) is fibrant in L5]^pFun(dgcat^, Sset,). 

Proof. Observe that K{A) satisfies conditions (l)-(3). We now prove that Waldhausen's fibration theorem 
[Wal85| 1.6.4] implies condition (4). Apply the contravariant functor rep,„Q^(?,^) to the split short exact 
sequence 

^ R Jb" 

^ B' B B" ^ 

In, p 
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and obtain a split short exact sequence 

^ rep„„^(S", A) - — ^ rep,„„^(S, A) - — ^ rep„„^(S', A) ^ . 

Now consider the Waldhausen category vrep^g^{B,A) := Z°{rep^^^{B,A)), where the weak equiva- 
lences are the morphisms / such that cone(/) is contractible. Consider also the Waldhausen cate- 
gory wrep^g^{B,A), which has the same cofibrations as vrepjy^g^{B, A) but the weak equivalences are 
the morphisms / such that cone(/) belongs to repj^^j.{B" ,A). Observe that we have the inclusion 
vrep^^^{B,A) C wrep^^j.{B,A) and an equivalence rep^gj.{B, A)^ ~ Z^{repj^^^{B' , A)), see section 1.6 
from W al85| . The conditions of theorem 1.6.4 from [Wal85| are satisfied and so we have a homotopy 
fiber sequence 

\N.wS,rep,„^^{B'\A)\ ^ \N.wS,rep,^,,{B,A)\ ^ \N.wS,rep^,,{B\A)\ 

in Sset. This proves the proposition. □ 

Definition 3.79. - The Unstable motivator of dg categories A^J;™** is the derivator associated with 
the Quillen model category 

Ls^P Fu n (dgcat^, S'set.) . 

- The Universal unstable invariant of dg categories is the canonical morphism of derivators 

Uu : HO(dgcat) ^ M^^'' . 
Let p : A ^ e be the projection functor. 
Proposition 3.80. The objects 

S'^ AN.wrep^^^{7,A) and \N.wS,rep^„^{7,A)\^K{A) 
are canonically isomorphic in Ho(L^ L5].pFun(dgcaty , S'set,)). 
Proof. As in [McC941 3.3], we consider the sequence in HO(dgcat)(A) 

^ A, — ^ PS,A S.A ^ , 

where A, denotes the constant simplicial dg category with value A and PS, A the path object of S,A. 
By applying the morphism of derivators Uu to this sequence, we obtain the canonical morphism 

Si : cone(Z^„(A ^ PS, A)) UuiS,A) 

in A^J|^**(A). We now prove that for each point n : e A, the nth component of Sj is an isomorphism in 
Le^p Fun(dgcat J, S'set,). For each point n : e ^ A, we have a split short exact sequence in Ho(dgcat) : 

R S 
^ A^=^ PSnA^ Sn+lA^=^ SnA ^0, 

Qn. 

where In maps A £ A to the constant sequence 
Q maps a sequence 

-> Ao -> Ai ^ > Ar, 
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to 



Sn maps a sequence 



to 



and Rn maps a sequence 



Ai/Ao^ > An/Ao , 

Ao~^Ai^ > An-i 

^ ^ v4o ^ > An-l 



^ Ao ^ Ai ^ > An-l 

to Aq. Now, by construction of Ls,pFun(dgcat^, Sset,) the canonical morphisms 

Si,^ : cone{UuiA ^ PSnA)) Uu{SnA), n G N , 

are isomorphisms in A^^^'**(e). Since homotopy coHmits in Li;_pFun(dgcatj, Ssei.) are calculated 
objectwise the nth component of Sj identifies with Sj^ and so by the conservativity axiom Sj is an 
isomorphism in A^^^^*(A). This implies that we obtain the homotopy cocartesian square 

P^UuiA,) ^p^X^uiPS.A)) 



■ P^{Uu{S,A)) . 



As in the proof of proposition [5321 we show that p\Uu{A,) identifies with N .w'cep„^g^{l , A) — Uu{A) and 
that p\{Uu{PS,A)) is contractible. Since we have the equivalence 

p^{Uu{S.A))^P^{N.wre^„^,,{l,S.A)) ^ \N.wS.re^,^,,{l,A)\ 

and N .wrep.j^^^{l , A) is cofibrant in Ls. pFun(dgcatj, S'set.) the proposition is proven. □ 

Proposition 3.81. We have the following weak equivalence of simplicial sets 

Map{Uu{k),S^ AUuiA)) ^ \N.wS,Af\ 
in L5:_pFun(dgcaty, S'set,). In particular, we have the following isomorphism 

n,+iMap{Uuik),S^ AUuiA)) ^ K,{A), Vi ^ . 
Proof. This follows from propositions 13.781 13.801 and from the following weak equivalences 

Map{Uuik),S^ AUuiA)) ~ Map{m{k) , K (A)) 

^ iKiA)m 

~ \N.wS,Af\. 

□ 
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3.15 The universal additive invariant 

Consider the Quillen model category Lx;,pFun(dgcatj, S'set.) constructed in the previous section. 

The definition of the set and the same arguments as those of example 13.291 and example 13.301 allows 
us to conclude that Ls^pFun(dgcatj, Sset,) satisfies the conditions of theorem 13.311 In particular we 
have an equivalence of triangulated derivators 

St(A^:ig"^*) ^ HO(Sp^(L^^Ls,pFun(dgcat},^set.))). 

Definition 3.82. - The Additive motivator of dg categories J^^g is the triangulated derivator asso- 
ciated with the stable Quillen model category 

Sp''(L^Ls,pFun(dgcat?,Sset.)) ■ 

- The Universal additive invariant of dg categories is the canonical morphism of derivators 

Ua : HO(dgcat) ^ A^^f . 

Remark 3.83. Observe that remark [3.751 and remark [3.281 imply that M'^g'^ is a compactly generated 
triangulated derivator. 

We sum up the construction of M'^'jf' in the following diagram 




Observe that the morphism of derivators lAa is pointed, commutes with filtered homotopy colimits and 
satisfies the following condition : 

A) For every split short exact sequence 

^ R ic 

^A^=^B^^C ^0 

p 

in Ho(dgcat), we have a split triangle 

Ua{A) Ua{B) Ua{C) ^ Ua{A)[\\ 
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in Ai'^'j^'^ [e) . (This implies that the dg functors ij, and ic induce an isomorphism 

Ua{A)®Ua{C)^Ua{B) 

Remark 3.84. Since the dg category B in the above spHt short exact sequence is Morita equivalent to the 
dg category E{A, B, C), see section 1.1 from |Wal85| . condition A) is equivalent to the additivity property 
stated by Waldhausen in |Wal85[ 1.3.2]. 

Let ID be a strong triangulated derivator. 
Theorem 3.85. The morphism lAa induces an equivalence of categories 

Hom,(X3f,P)^Hom^;,^^),p(H0(dgcat),©), 

where Horri y;^ jg(HO(dgcat), D) denotes the category of morphisms of derivators which commute with 
filtered homotopy colimits, satisfy condition A) and preserve the point. 

Proof. By theorem 13.251 we have an equivalence of categories 

Horn, (yWdf, 115) HomAMJ^'KB) . 

By theorem 13.81 we have an equivalence of categories 

Horn , {MTg'' , B) ^ Horn, (Ls,p Hotdgcat, . , D) . 

Now, we observe that since ED is a strong triangulated derivator, the category Horn, (Ls.pHotdgcat^ , ^) 
identifies with Horn ^-j p(HO(dgcat), B). This proves the theorem. □ 

Terminology 3.86. We call an object of the right hand side category of theorem l3.85l an additive invariant 
of dg categories. 

Example 3.87. - The Hochschild and cyclic homology and the non-connective if-theory defined in 
section r3.10l are examples of additive invariants. 

- Another example is given by Waldhausen's connective if-theory spectrum 

K'' : HO(dgcat) ^ HO{Spt) , 

see |Wal85j . 

Remark 3.88. By theorem 13. 85( the morphism of derivators K'^ factors through Ua and so gives rise to a 
morphism 

K" : Mf/ ^ HO{Spt) . 

We now will prove that this morphism of derivators is co-representable in AA'^g'^. 
Let ^ be a small dg category. 

Notation 3.89. We denote by K{AY £ Sp'^(L^ LE.pFun(dgcat|^, Sset,)) the spectrum such that 

K{AX, := \N.wSi''+'\ep„,,,{7,A)\, n^O, 
endowed with the natural structure morphisms 

/3„ : A \N.wSi"+^\ep,^^,{?,A)\ ^ |7V.u;5i"+'Vep,„„,(?, ^)|, n^O, 

see |Wal85] . 
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Notice that Ua{A) identifies in Ho{A4'^g'^) with the suspension spectrum given by 

(S-|7V.«;rep„„,(?,^)|)„ 5" A \N.wrep^,,{?,A)\ . 

Now proposition 13.801 and the fact that the morphism of derivators f commutes with homotopy colimits 
impHes that we have an isomorphism 

UaiAM ^ p,Ua{S.A) . 

In particular, we have a natural morphism 

V:Ua{A)[l]^K{Ar 
in Sp^(L^ Ls^pFun(dgcat^, Sset,)) induced by the identity in degree 0. 
Theorem 3.90. The morphism rj is a fibrant resolution oflAa{A)[l]. 

Proof. We prove first that K{Ay is a fibrant object in Sp'^(L^ Ls,pFun(dgcat^, 556*.)). Bv |Hov99| [5ch97] 
we need to show that K{Ay is an il-spectrum, i.e. that K{A)n is a fibrant object Ls.pFun(dgcatj, Sset,) 
and that the induced map 

K{Arn^nK{Arn^, 

is a weak equivalence. By Waldhausen's additivity theorem, see |Wal85] . we have weak equivalences 

KiAYn - nK{Ar„^, 

in Fun(dgcat^, Sset,). Now observe that for every integer n, K''{A)n satisfies conditions (l)-(3) of propo- 
sition [3778l Condition (4) follows from Waldhausen's fibration theorem, as in the proof of proposition l3.80i 
applied to the S'.-construction. This shows that K{Ay is an r2-spectrum. 

We now prove that 77 is a (componentwise) weak equivalence in 
Sp'^(L^ L5].pFun(dgcatj, Sset,)). For this, we prove first that the structural morphisms 

/3n : S^ /\N.wSi"+^\ep^^,(7,A) ^ \N.wS!r+^\ep^^^{7,A)l n^O, 
see notation 13.891 are weak equivalences in LE.pFun(dgcat^, S'sei,). By considering the same argu- 
ment as in the proof of proposition 13.801 using 5^"^^''^ instead of A, we obtain the following homotopy 
cocartesian square 



K{A)^r 



)n+l 

in L^Ls,pFun(dgcat^, S'sei.) with p\{Uu{PSi^^^^^ A)) contractible. Since K{A)n+i is fibrant, proposi- 
tion 1.5.3 in |Wal85j . implies that the previous square is also homotopy cartesian and so the canonical 
morphism 

is a weak equivalence in Ls_pFun(dgcat^, Sset,). We now show that the structure morphism /3„, 

which corresponds to f3^ by adjunction, see [Wal85], is also a weak equivalence. The derived adjunction 
(5^ A — ,]Rf2(— )) induces the following commutative diagram 

S^AK{A)^„ 

S^ nK{A)l_,^ 
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in Ho(Lg7' L53,pFun(dgcat^, Sset,)) where the vertical arrow is an isomorphism since the previous square 
is homotopy bicartesian. This shows that the induced morphisni 

is an isomorphism in Ho(L^ Ls.pFun(dgcatj, S'set,)) and so /3„ is a weak equivalence. 

Now to prove that r/ is a componentwise weak equivalence, we proceed by induction : observe that 
the zero component of the morphism 77 is the identity. Now suppose that the n-component of 77 is a weak 
equivalence. The n + 1-component of 77 is the composition of which is a weak equivalence, with the 

suspension of the n-component of 77, which by proposition 13 . 51 is also a weak equivalence. 

This proves the theorem. □ 



Let A and B be small dg categories. We denote by Hom^'' (— , — ) the spectrum of morphisms in 
Sp^(Lgr^ Ls,pFun(dgcat^, S'set.)). 

Theorem 3.91. We have the following weak equivalence of spectra 

Hom^'^\Ua{A),Ua{Bm)^K'{rep^or{A,B)), 

where K'^{rep^^^{A, B)) denotes Waldhausen's connective K -theory spectrum of rep.^gj.{A,B). 
In particular, we have the following weak equivalence of simplicial sets 

MM^a{A),Ua{Bm ^ \N.wS,rep^,M,S)\ 

and so the isomorphisms 

TT^+iMapiUa{A),Ua{B)[l]) ^ K^{rep„^^^{A,B)), V^ . 
Proof. Suppose first that A belongs to dgcatj. In this case lAaiA) identifies with the suspension spectrum 

j:°-\N.wrep„,,,{?,A)\ 

which is cofibrant in Sp^(Lg^ Ls^pFun(dgcatj, S'set,)). Since A belongs to dgcat^ and by theorem 13.901 
we have the following equivalences 

Hom^''\UaiA),UaiB)[l]) ^ Hom^"" {Ua{A), K^iB)) 

^ K%B){A) 



i^-(rep„_(AB)). 



Now, for a dg category A we have an equivalence 



hocolim Ai A , 

is/ 

where / is a filtered category and Ai belongs to dgcatj. Since Ua commutes with filtered homotopy 
colimits, we have 

Hom^''''iUaiA)MaiB)[l]) ^ Hom^''\hoco\imUa{A^),Ua{B)[^]) 

~ ho\iinUom^^'\Ua{A)Ma{B)[l]) 

~ holimiC-(rep„<,,(A,B)) 

~ (rep,„or (hocolim ^i,i3)) 

2. if-(rep„_(Al)). 

This proves the theorem. □ 
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Remark 3.92. Remark that if in the above theorem, we consider A — k, we have 

Hom5p"(Wa(fc),Wa(S)[l])^if^(B). 
This shows that Waldhausen's connective if-theory spectrum becomes co-representable in AA'^g'^. 



3.16 Concluding remarks 

By the universal properties of Ua and W;, we obtain the following diagram 

HO(dgcat) A^^ 




MX- 



Notice that Waldhausen's connective i^T-theory is an example of an additive invariant which is NOT a 
localizing one, see |Kel06bl . Waldhausen's connective iiT-theory becomes co-representable in M'^^^ by 
theorem 13.911 

To the best of the author's knowledge, this is the first conceptual characterization of Quillen-Waldhausen 
if-theory |Qui67| [Wal85| . 

An analoguous result should be true for non-connective iiT-theory and the morphism (f> should be 
thought of as co-representing 'the passage from additivity to localization'. 



Part II 



Ramifications de la theorie 
homotopique des DG-categories 
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Chapter 4 



The Q-model for the Morita 
homotopy theory of DG categories 

Ce chapitre correspond a I' article \Tahdj . 



4.1 Introduction 

A differential graded (=dg) category is a category enriched in the category of complexes of modules 
over some commutative base ring k. Dg categories (and their close cousins: Aco-categories) provide 
a framework for 'homological geometry' and for 'non commutative algebraic geometry' in the sense of 
Drinfeld, Manin, Kontsevich, .... This has motivated much foundational work (c/. [Kel06b| for a survey) 
and notably Toen's construction [Toe07j of an internal Hom-functor for the homotopy category of dg 
categories with respect to the class of quasi-equivalences (i.e. the dg functors F : A ^ B which induce 
quasi-isomorphisms in the morphism complexes and equivalences H°(^) — > H°(S)). This construction 
was extended in ' Tab05a| [Tab06l to the class of Morita dg functors (i.e. the functors F : A ^ B which 
induce an equivalence 'D^A) ^ V{B) between derived categories). 

One of the main problems which Toen had to overcome in |Toe07j was the fact that the natural model 
structure |Tab05bj on the category of dg categories is not compatible with the tensor product : In fact, 
the tensor product of two cofibrant dg categories is not cofibrant in general, in the same way as the tensor 
product of two noncommutative free algebras is not noncommutative free, in general. As a consequence, 
the category of dg categories is not a monoidal model category in the sense of |Hov99j and its Hom-functor 
cannot be derived to yield the internal Hom-functor for the homotopy category. 

In this paper, we propose a new model for the Morita homotopy category of dg categories (for the 
case where the ground ring A: is a field). Its objects are the localization pairs [Kel99 , i.e. the inclusions 
Aq C Ai of full dg subcategories. Morphisms are defined in the natural way. By definition, a morphism 
^ ^ ^' is a weak equivalence iff it induces a Morita dg functor A\/Aq A'i/A'q in the Drinfeld dg 
quotients |Dri04j . We therefore call this model category the Q -model. We show that it admits a natural 
closed monoidal structure which induces the correct tensor product in the homotopy category. The Q- 
model is not a monoidal model category, either. Our main theorem ()4.37p states that nevertheless, its 
internal Hom-functor admits a derived functor which yields the correct closed structure in the homotopy 
category. We thus obtain a new description of Toen's internal Hom-objects. It is expected that it will 
help to clarify their links with the Aoo-formalism, c/. |Kel06a| . and in a future 'derived deformation 
theory' cf. [Low], analogous to the deformation theory for abelian categories as developed in |LVdB06| . 
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4.2 Preliminaries 

In what follows, k will denote a field. The tensor product ® will denote the tensor product over k. Let 
Ch(A;) denote the category of complexes over k. By a dg category, we mean a differential graded k category, 
see definition ll.il For a dg category A, we denote by Cdg{A) the dg category of right A dg modules and by 
^ — > Cdg{A) the Yoneda dg functor. We write dgcat for the category of small dg categories. It is proven 
in theorem l2.27( that the category dgcat admits a structure of cofibrantly generated model category whose 
weak equivalences are the Morita dg functors (i.e. the dg functors F : A B which induce an equivalence 
'D{B) ^ 'DiA) between derived categories). We have at our disposal an explicit set / = {Q,S{n)} 
of generating cofibrations and an explicit set J = {R{n), F{n), Iniko, . . . ,kn), Lkniko, - ■ ■ ,kn),C} of 
generating trivial cofibrations. 

4.3 Homotopy of DG functors 

Let i3 be a dg category. 

Definition 4.1. Let P{B) be the dg category, see jDri04| 2.9], whose objects are the closed morphisms 
of degree zero in B 

X , 

that become invertible in H"(;B). We define the complex of morphisms 

Homp(H)(x^y,x'^r') 

as the homotopy pull-back in Ch(A:) of the diagram 

Homs{Y,Y') 

f 

HomB(X, X') — ^ HomB(X, Y') . 
By this homotopy pull-back we mean the complex 

{u e Homc^^(6)(cone(/),cone(7))| n'ui = 0} , 

where i -.Y ^ cone(/) and tt' : cone(/') X'[l] are the natural morphisms in Cdg{B), see |Dri041 2.9]. 
Remark 4.2. We have a natural commutative diagram in dgcat 

B ^Bx B 




P{B) 

where i is the dg functor that associates to an object B oi B the morphism B ^ B and po, resp. pi, is 
the dg functor that sends a closed morphism X ^Y to X, resp. Y. 

Lemma 4.3. The dg category P{B) is a path object for B, see JHirOS^ . in the Quillen model structure 
described in theorem \1.8l 
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Proof. We prove that the dg functor z is a quasi-equivalence. Clearly the dg functor i induces a quasi- 
isomorphism in Ch(fc) 

HomB(X,y) ^ Homp(8)(i(X),z(y)), 

£ 

for every object X,Y E B. Remark that the functor H°(i) is also essentially surjective. In fact, let X ^ F 

f 

be an object of P{B). Consider the following morphism in P{B) from i{X) to X , 




where h denotes the zero homotopy. Remark that it becomes an isomorphism in V\^{P{B)) simply because 
/ becomes an isomorphism in V\^{B). This proves that the dg functor i is a quasi-equivalence. We will 
now show that the dg functor po x pi is a fibration in the Quillen model structure of theorem 1 1.81 Remark 
first, that by definition of P{B) the dg functor po x pi induces a surjective morphism in Ch(fc) 



Homp(f5)(x^r,x'4y') 



UomB{X,X') X HomB(y,y') 



for every object X 
functor P{B) 



f 

Y and X' ^ y in P{B). We will now show that contractions lift along the dg 
P(p<pi Q ^ Lg|- X i F be an object of P{B). Remark that a contraction ot X ^ Y 
in P{B) corresponds exactly to the following morphisms in B, cx £ Hom^^ {X , X) , cy £ Homg^ (Y,Y) 
and h G Homg^(X, F) satisfying the relations d{cx) = Ix, dlcy) ~ ly and d{h) — cy o f + f o cx- 
Suppose now, that we have a contraction (ci,C2) of {X,Y) in B x B. We can lift this contraction by 
considering cx = ci, cy = Ci and h = ci o j o c\. This shows that contractions lift along the dg functor 
P(B) ^5^^ B X B. We have the following equivalence of dg categories 

pre-tr(P(i3)) ^ P(pre-tr(B)) , 



where pre-tr denotes the pre-triangulated hull of a dg category, see |Dri041 2.4]. This implies that the dg 
functor pq x pi is a fibration. □ 

Let ^ be a cofibrant dg category and F, G : A B dg functors. Since every dg category is fibrant in 
the Quillen model structure of theorem 1 1.8[ see remark fl. 141 the dg functors F and G are homotopic if 
and only if there exists a dg functor H : A P{^) that makes the following diagram commute 




see jHir03| . 

Remark A A. Remark that a dg functor H as above corresponds exactly, see jKel99| . to: 

- a morphism rjA : F{A) — » G{A) of Z^{B) which becomes invertible in H°(i3) for all A e ^ (but 
which will not be functorial in A, in general) and 



116 



Chapter 4. The Q-model for the Morita homotopy theory of DG categories 



- a morphism of graded /c-modules homogeneous of degree —1 

h = h{A, B) : Hom^(A, B) Home(i^(A), G{B)) , 
for all A,B € A such that we have 

ivBmf)) - (G(/)M) = d{h{f)) + h{d{f)) 

and 

h{fg)^h{f)(F{g)) + {-ir{G{f))h{g) 
for all composable morphismes /, g of A, where / is of degree n. 

It is shown in [Kel99| that if we have a dg functor H as above and the dg category B is stable under 
cones, we can construct a sequence of dg functors 

F^I^ G[\] , 

where I{A) is a contractible object of B, for all A £ B. 



4.4 Q-model structure 

Definition 4.5. A localization pair A is given by a small dg category Ai and a full dg subcategory 
^0 C ^1 . A morphism F : A ^ B oi localization pairs is given by a commutative square 




of dg functors. 

We denote by Lp the category of localization pairs. 
Let .4 be a localization pair. 

Definition 4.6. The dg quotient of A, see |Dri04| . is the dg category Ai/Ao obtained from Ai by 
introducing a new morphism hx of degree —1 for every object X of Aq and by imposing the relation 
d{hx) = Ix- 



4.4.1 Morita model structure 

Let L be the category with two objects and 1 and with a unique non identity morphism — > 1. 

Remark 4.7. An immediate application of Theorem 11.6.1 from HirOS] implies that the category dgcat^, 
i.e. the category of morphisms in dgcat, admits a structure of cofibrantly generated model category whose 
weak equivalences W are the componentwise Morita dg functors and with generating cofibrations Ff and 
generating trivial cofibrations Fj, where we use the notation of |Hir03| : 

The functor F,, i = 0, 1, from dgcat to dgcat^ is left adjoint to the natural evaluation functor Evi, 
I = 0, 1, from dgcat^ to dgcat. By definition, we have Ff = F? U F} and F^^ = F^ U F]. 

The inclusion functor U : Lp ^ dgcaf^ admits a left adjoint S which sends an object G : Bq ^ Bi to 
the localization pair formed by Bi and its full dg subcategory Im G. 



4.4. Q-model structure 
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Proposition 4.8. The category Lp admits a structure of cofibrantly generated model category whose 
weak equivalences W are the componentwise Morita dg functors and with generating cofibrations Ff and 
generating trivial cofibrations Fj. 

Proof. We first prove that Lp is complete and cocomplete. Let {Xi}i^j be a diagram in Lp. We remark 
that 



coHm Xi 



S{co\imU{X^)) . 



which implies that Lp is cocomplete. The category Lp is also complete, since it is stable under products 
and equalizers in dgcat^. We now prove that conditions (1) and (2) of Theorem 11.3.2 from [Hir03j are 
satisfied : 

(1) Since S{Ff) = Ff and S{F^) = condition (1) is verified. 

(2) Since the functor U clearly commutes with filtered colimits, it is enough to prove the following: let 

Y Z he an element of the set Fj, X an object in Lp and Y ^ X sl morphism in Lp. Consider 
the following push-out in Lp: 

Y ^X 

zux 

Y 



We prove that U{G^.) is a weak equivalence in dgcat^. We consider two situations: 

- if G belongs to the set Fj C Fj, then C/(G*) is a weak-equivalence simply because J— cell C W 
in dgcat , see lemma [2331 

- if G belongs to the set Fj C Fj, then Evi{U{G^,)) is a Morita dg functor. In particular it 
induces a quasi-isomorphism in the Horn spaces and since the 0-component of G, is the identity 
on objects, the functor Evo{U{G,,)) is also a Morita dg functor. This implies that U{G,,) is a 
weak equivalence and so condition (2) is proven. 



This proves the proposition. 



We will now slightly modify the previous Quillen model structure on Lp. 
Let a be the morphism of localization pairs: 



□ 



(End,c(l)^ 



•/C) 



{fC- 



/C), 



where EndK;(l) is the dg algebra of endomorphisms of the object 1 in A^, see section [T31 and inc is the 
natural inclusion dg-functor. Clearly cr is a componentwise Morita dg functor. We write Fj resp. Fj for 
the union of {cr} with Ff resp. Fj. 

Proposition 4.9. The category Lp admits a structure of cofibrantly generated model category whose 
weak equivalences W are the componentwise Morita dg functors and with generating cofibrations Ff and 
generating trivial cofibrations Fj. 
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Proof. The proof will consist in verifying that conditions (1) — (6) of Theorem 2.1.19 from |Hov99| are 
satisfied. Clearly the class W has the two out of three property and is closed under retracts. This shows 
condition (1). Since the localization pair (End;c(l) C /C) is small in Lp, it is clear that the domains of Ff, 
resp. Fj, are small relative to Fj — cell, resp. Fj — cell and so conditions (2) and (3) are also satisfied. 
We have 

Ff - inj = - inj n 

and so by construction 

Ff - inj = F^ - inj n . 

This shows conditions (5) and (6). We now prove that Fj - cell C W. Since Fj — cell C W it is enough 
to prove that pushouts with respect to a belong to W. Let ,4 be a localization pair and 

T : (End;c(l) C /C) ^ {Ao C ^i) 
a morphism in Lp. Consider the following push-out in Lp: 

(EndK(l) C JC) (Ao C Ai) 

{K, = K) ^ {Uo c Ui) . 

We remark that the morphism T corresponds to specifying an homotopy equivalence in Ai from an object 
X to an object Y , where the object X belongs to Aq. Clearly Ui = Ai and Uq identifies with the full 
dg-subcategory of Ui whose objects are Y and those of Aq. Since X and Y are homotopy equivalent, the 
natural dg- functor Rq : ^ l^o is a quasi-equi valence. This proves condition (4). The proposition is 
now proven. □ 

Remark 4.10. Remark that in this new Quillen model structure on Lp we have more cofibrations and 
fewer fibrations than the Quillen model structure of proposition 14.81 since the weak equivalences are the 
same. 

From now on, by Quillen model structure on Lp we mean that of proposition 14.91 

Lemma 4.11. A localization pair {Aa C ,41) is fibrant in Lp if and only if Ao and Ai are Morita fibrant 
dg categories and Aq is stable under homotopy equivalences in Ai . 

Proof. A localization pair {Aq C ,41) is fibrant in Lp if and only if for every morphism F in Fj, the 
following extension problem in Lp is solvable: 

X ^{Ao c Ai) 

F 

Y 

If F belongs to Fj this means that and A\ are fibrant and if F = cr, remark that it corresponds 
exactly to the statement that Aj^ is stable under homotopy equivalences in A\. □ 



Lemma 4.12. // the localization pair A is cofibrant in Lp then Ai is cofihrant in dgcat. 
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Proof. We need to construct a lift to the following problem : 




where P is a trivial fibration in dgcat, sec proposition 14.9 
following diagram in Lp: 



and Ai ^ B is a dg- functor. Consider the 



A- 



where A Fg is the natural morphism of localization pairs. Remark that Fp belongs to cr — inj n Fj — inj 



and so is a trivial fibration in Lp. Since A is cofibrant in Lp we have a lifting ^ ^ F° that when restricted 



to the 1-component gives us the searched lift Ai ^ C. This proves the lemma. 



□ 



4.4.2 Q-model structure 

Definition 4.13. Let Q : Lp Lp be the fimctor that sends a localization pair A to the localization 
pair 

A ^ Ai/Aq , 

where is the full dg-subcategory of Ai/Aq whose objets are those of ^o- 
Remark 4.14. Remark that we have natural morphisms 

r]A ■■ [Aa c Ai) ^ (A) c Ai/Ao) 

in Lp. 

Definition 4.15. A morphism of localization pairs _F : ^ — ^ S is a Q-weak equivalence if the induced 
morphism Q{F) is a weak equivalence in the Quillcn model structure of proposition 14.91 

Remark 4.16. Remark that since the objects of Aq and Bq are all contractible, the dg-functor Aq Bq 
is clearly a Morita dg functor and so the morphism P is a Q-weak equivalence if and only if the induced 
dg-functor Ai/Aq — > Bi/Bq is a Morita dg functor. 

Definition 4.17. A morphism in Lp is a cofibration if it is one for the Quillcn model structure of 
Proposition 14.91 and it is a Q- fibration if it has the right lifting property with respect to all cofibrations 
of Lp which are Q-weak equivalences. 

Theorem 4.18. The category Lp admits a structure of Quillen model category, the Q-model, whose 
weak equivalences are the Q-weak equivalences, whose cofibrations are the cofibrations of Lp and whose 
fibrations are the Q-fibrations. 

The proof will consist of adapting the general arguments from chapter X from |GJ99] to our situation. 
We start with some remarks: 

Al Since fc is a field, every complex X e Ch(fc) is fc-flat and so by theorem 3.4 from |Dri04| the functor 
Q preserves weak equivalences. 
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A2 The morphisms of localization pairs: 

QiA)=^QQ{A) 

QivA) 

are weak equivalences in Lp. This follows from the fact that in both cases we are introducing 
contractions to objects that are already contractible and that the functor Q is the identity functor 
on objects. 

Lemma 4.19. A morphism F : A ^ B is a fibration and a weak equivalence of Lp if and only if it is a 
Q-weak equivalence and a Q-fibration. 

Proof. Since condition Al is verified (i.e. the functor Q preserves weak equivalences) we can use the 
proof of lemma 4.3 in chapter X from [GJ99j . □ 



Nonexample 4.20. Remark that the Quillen model structure of proposition 14.91 is not right proper, see 
[IE03) . 

Let B be your favorite Morita fibrant dg category, whose derived category 'D{B) is not trivial. In particular 
the dg functor P : B ^ 0, where denotes the terminal object in dgcat is a fibration. Let A be the dg 
category with one object 1 and whose dg algebra of endomorphisms of 1 is k. Consider the following 
diagram : 

B 

iooP 

A ^OU^- 

Clearly is a Morita dg functor and remark that the dg functor o P is a fibration, since the object 1 
in A is not contractible. This implies that in the fiber product 



B 



A- 



JA 



iooP 



the dg functor % ^ B is not a Morita dg functor and so this Quillen model structure is not right proper. 
This implies that the Quillen model structure of proposition 14.91 is also not right proper. Apply the 
functor from dgcat to Lp to the previous fiber product : 



We have a fiber product since the functor preserves limits. Clearly is a weak equivalence in Lp 
and remark that the morphism ^l^op belongs to cr — inj n Fj — inj, which implies that it is a fibration in 
Lp. 

Nevertheless we have the following lemma. 



4.4. Q-model structure 
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Lemma 4.21. Let A he a localization pair such that the natural morphism 

7u-A^ Q{A) 

is a weak equivalence in Lp. Let F : W Q{A) be a fihration in Lp. Then the morphism 



QiA) 



is a weak equivalence in Lp. 



Proof. We remark that each component of the morphism ry^ is the identity functor on the objects of the 
dg categories involved. Since fiber products in Lp are calculated componentwise, we conclude that each 
component of the morphism 77^ is the identity functor on the objects. Let X and Y be arbitrary objects 
of Wi. We remark that we have the following fiber product in Ch(A;) : 

Homwi X Ai{X,Y) ^llomAAFiX,FiY) 



v'-(FiX,FiY) 



niFiX.FiY) 



Homwi {X, Y) Hom^,/^„ {F^X, F,Y) . 

Since F is a fibration in Lp, Fi{X, Y) is a fibration in the projective model structure on Ch(/c) and since 
this Quillen model structure on Ch(fc) is right proper, ri*{FiX, FiY) is a quasi-isomorphism. We could 
do the same argument for X and Y objects in Wo instead of Wi. This proves the lemma. □ 

Lemma 4.22. Suppose that F : Ao ^ B is a fibration in Lp and that rj^. and rjB are weak equivalences 
of Lp. Then F is a Q-fibration. 

Proof. Consider exactly the same proof as for lemma 4.4 in chapter X from |GJ99| . but use lemma H. 2 II 
instead of the right properness assumption on Lp. □ 

Lemma 4.23. Any morphism F : Q{A) Q{B) has a factorization F = P o I where P : Z ~f Q{B) is 
a Q-fibration and I : Q{A) Z is a cofibration and a Q-weak equivalence. 

Proof. Since lemma 14.221 and conditions Al and A2 are satisfied, we consider the proof of lemma 4.5 in 
chapter X from [GJ99j . □ 

Let .4 be a localization pair. By condition A2 wc know that the natural morphism: 

rjA ■■ {Ao c Al) — >(A)'Z Ai/Ao) 

is a Q-weak equivalence in Lp. 

Lemma 4.24. Let F : Z Q(^) be a fibration in Lp. Then the induced morphism 

7^\:Z X A — > Z 
Q(A) 

is a Q-weak equivalence in Lp. 

Proof. We need to prove that Q{ri*j() is a weak equivalence in Lp. 
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(1) We prove that the induced morphism: 

QirjA)* ■■ Q{Z) X Q{A) Q{Z) 

is a weak equivalence in Lp. Remark first that since _F is a fibration in Lp, the dg functors and 
Fi are Morita fibrations and so they are surjective at the level of Hom-spaces. We now show that 
the dg functor Fq : Zq Aq is surjective on objects. If is the empty dg category then so is Zg 
and the claim is showed. If Ao is not empty, every object X in Ao is contractible and since the dg 
functor Fq belongs to C — inj there exists an object Y in Zq such that F^iY) = X. This implies 
that each component of the morphism 

Q{F) : g(Z) QQ{A) 

is a dg functor that is surjective at the level of Hom-spaces. Since by condition A2 the morphism 

(Qva) ■■ QiA) QQ{A) 

is a weak equivalence an analogous argument to the proof of lemma 14.211 (we have just proved that 
Fi{X,Y) is a fibration in the projective model structure on Ch(fc)), proves the condition (1). 

(2) We prove that the induced morphism: 

Q(Z X ^) ^ Q(Z) X Q{A) 
Q(-4) QQ(A) 

is an isomorphism in Lp. Since by construction the functor Q is the identity functor on objects, 
both components of the above morphism are also the identity on objects. Let us consider the 1- 
component of the above morphism. Let X and Y be objects of Zi/Zg. We have the following fiber 
product in Ch{k) : 

Hom^,/^„(Fi(X),Fi(y)) 

Hom2,/2„(X,y) ^Hom(_,^/_4,,)/:^(Fi(X),Fi(y)). 

Remark that the functor Qr]J^, resp. QFi, sends the contractions in Ai/Ao, resp. Zi/Zq, associated 
with the objects of .Aq, resp. Zq, to the new contractions in {Ai/Ao)/Ao associated with the objects 
of Ao- Recall that we have the following fiber product in Ch(fc): 

Hom^, X ^1 {X, Y) ^ Hom^, {FiX, F^Y) 

r 77 

Uomz, {X, Y) Hom^,/^„ {F,X, F^Y) . 

A analysis of the above fiber products shows that the induced morphism 

Hom(2i X Ai)/{Zo^Ao)i^^^) — ''HomzjZo x _Ai/Aoi^^Y) 

is an isomorphism in Ch(fc). The same argument applies to the 0-component of the above morphism. 
This proves condition (2). 



HomzjZo X _A,/Ao[^:Y) 

(Ai/Ao)/Ao 
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Now, conditions 1) and 2) imply that the morphism 

QiZ X ^)^^^Q(^) 
Q(A) 

is a weak equivalence in Lp, which is exactly the statement of the lemma. The lemma is then proved. 

□ 

Lemma 4.25. Any morphism F : A ^ B of Lp has a factorization F — Q o J where Q : Z —t B is a 
Q-fibration and J : A Z is a cofihration and a Q-weak equivalence. 

Proof. Consider exactly the same proof as for lemma 4.6 in chapter X from |GJ99| . but use lemma 14.241 
instead of condition A3. □ 

We now prove theorem 14.181 

Proof. We will prove that conditions Ml — Mh of definition 7.1.3 from [Hir03j are satisfied. By the 
proof of proposition [4?8l the category Lp is complete and cocomplete and so condition Ml is verified. By 
definition the Q-weak equivalences in Lp satisfy condition M2, i.e. the two out of three condition. Clearly 
the Q-weak equivalences and Q-fibrations in Lp are stable under retractions. Since the cofibrations are 
those of proposition 14.91 condition MB is verified. Finally lemma 14.191 implies the lifting condition M4 
and lemmas [4.191 and 14.251 imply the factorization condition M5. □ 



4.4.3 Q-fibrant objects 

We denote by Ho(Lp) the homotopy category of Lp given by theorem 14. 181 
Let ^ be a localization pair. 

Lemma 4.26. // A is fibrant, in the Quillen model structure of proposition \4.S\ and the morphism 
rjji : A ^ Q{A) is a weak equivalence in Lp then A is Q-fibrant. 

P 

Proof. We need to show that the morphism ^ ^ is a Q-fibration, where denotes the terminal object 
in Lp. Consider the following diagram: 



A- 



■Q{A) 

Q{P) 

■ Q{0) . 



Q{A) 



■z 




Factorize the morphism Q{P) as 



Q(o), 

where i is a trivial cofibration and q a fibration in Lp. By the proof of lemma 14.231 q is a Q-fibration. 
Since the morphism —^ Q(0) is a weak equivalence, lemma 14.211 implies that the induced morphism 
X A ^ Z is a, weak equivalence. Since 77^ is a weak equivalence the induced morphism 



Q(0) 



9: A 



X Z 

Q(0) 
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is also a weak equivalence. Factorize the morphism 6 as 



A 




X Z, 

Q(0) 



where tt is a trivial fibration of Lp and j is a trivial cofibration. Then o tt is a Q-fibration and the 
hfting exists in the diagram : 



A-- 


A 






/ 


j 






V 


v' 





Thus P is a rectract of a Q-fibration, and is therefore a Q-fibration itself. This proves the lemma. □ 



Lemma 4.27. Ij A is Q-fibrant, then A is fibrant in Lp and the natural morphism 



r]A--A^ Q{A) 

is a weak equivalence. 

Proof. Since the Q-model structure on Lp has fewer fibrations than the QuiUen model structure of propo- 
sition UHl the localization pair A is fibrant in Lp. Consider the following diagram: 




Factorize Q{p) = g o i as in the previous lemma. We have the following diagram : 




Since p and q^, are Q-fibrations, A and Z arc Q-fibrant objects in Lp and is a Q-weak equivalence in Lp. 
By application of lemma 7.7.1 b) from ^Hir03j to 9 and using lemma [4. 191 we conclude that is a weak 
equivalence. Since so is i, we conclude that r]^ is also a weak equivalence. This proves the lemma. □ 

Remark 4.28. By lemmas [4.261 and 14.271 a localization pair A is Q-fibrant if and only if it is fibrant in Lp 
and the natural morphism 

TIA-.A — > Q{A) 

is a weak equivalence. 

We now describe explicitly the Q-fibrant objects in Lp. 



4.5. Closed symmetric monoidal structure 
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Proposition 4.29. A localization pair A is Q-fibrant, i.e. fibrant in the model structure of Theorem \4.18\ 
if and only if it is isomorphic in Lp to a localization pair of the form : 

{^contr C B) , 

where B is a fibrant dg category and Bcontr is the full dg subcategory of contractible objects in B. 

Proof. Suppose first that A is Q-fibrant. Since it is also fibrant in Lp the dg category is fibrant in 
dgcat. Since the morphism 

r]_A : (Ao C .Ai) — > (A C Ai/Aq) 

is a weak equivalence all the objects of Aq are contractible. Since A is fibrant in Lp by lemma H. Ill A 
is stable under homotopy equivalences in Ai. This implies that Aq is in fact the full dg subcategory 
of contractible objects of Ai. Consider now a localization pair {Bcontr C B) as in the statement of the 
proposition. We remark that since B is fibrant in dgcat, then Bcontr is also fibrant. Clearly {Bcontr C B) 
satisfies the extension condition with regard to a and the morphism 



r] : {B 

contr contr C B I Bcontr) 

is a weak equivalence in Lp. This proves the proposition. □ 

4.5 Closed symmetric monoidal structure 

Let A and B be small dg categories. Recall from |KelQ6bj [Toe07| that the tensor product A®Boi two 
dg categories has the class of objects obj(.4) x oh]{B) and the morphism spaces 

Hom^«B((X, y), {X', Y')) - Hom^(X, X') ® Homs(r, Y') 

with the natural compositions and units. Recall also from [KelOGbj [Toe07| that we have the the dg 
category of dg functors \-\ir\dg{A,B) from A to B. For two dg functors F,G : A B, the complex of 
graded morphisms Hompun^ {A.B){F^G) has as its nth component the module formed by the families of 
morphisms 

(j)x € Homl{FX,GX) 

such that {Gf ){(l)x) = {(l)Y){Ff ) for aU / e Hom^(X,y), X,Y <E A. The differential is induced by that 
of HomeiFX, GX). 

Definition 4.30. The internal Horn functor in Lp 

Hom(-,-) : Lp°P x Lp — > Lp , 
associates to the localization pairs {Aq C ^i), (So C Bi) the localization pair : 

(Fun<jg(A,So) C Funrfg(A,6o) x Funrfg(^i, Bi)) . 

Fundg(^o,Si) 

Definition 4.31. The tensor product functor in Lp 

— (X) — : Lp X Lp — > Lp 

associates to the localization pairs {Aq C ^i), {Bo C Bi) the localization pair : 

{Ao ®Bi[JAi®Bo(iAi® Bi) , 

where AofSiBiUAifE) Bq is the full dg subcategory of Ai Bi consisting of those objects a (g) 6 of (g) ;Bi 
such that a belongs to Aq or b belongs to Bq. 
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Let A = (Ao C Ai), B = {Bq C Bi) and C = (Cq C Ci) be localization pairs. 

Proposition 4.32. The category Lp endowed with the functors Hom(— , — ) and — (g) — is a closed sym- 
metric monoidal category. In particular we have a natural isomorphism in Lp; 

Uomip{A®B,C) ^ HomLp(AHom(B,C)). 

Proof. Consider the following eommutative square in dgcat : 

Aa ^ Funrfg(;Bi,Co) 

/I, ^ Fundg(Bo,Co) X Fundg(i3i,Ci) , 

Fund<,(i3o:Ci) 

which corresponds exactly to an element of HomLp(-4, Hom(i3,C)). Recall from [Kel06b| that dgcat en- 
dowed with the functors — ® — and Hom(— , — ) is a closed symmetric monoidal category. This implies 
by adjunction that the commutative square above corresponds to the following commutative square in 
dgcat: 

Aoi^Bi X Ai® Bq ^ n 

Ao(g>Bo 



Ai (E) Bi ^ Ci . 

This commutative square can be seen simply as a morphism in dgcat^ from 

Ao^Bi X Ai(E)Bo — > Ai® Bi 

to the localization pair (Co C Ci). Remark that the morphism 

Ao(E)Bi X Ai^Bq^ Ai(E) Bi 

of dg categories is injective on objects and that its image consists of those objects a ® h oi Ai ® Bi such 
that a belongs to or b belongs to Bq. This implies that 

\m{Ao®Bi X Ai®Bq ^ Ai®Bi) ^ A®B , 

and by the adjunction {S, U) from subsection 14.4.11 this last commutative square in dgcat corresponds 
exactly to an element of HomLp(-4 ® B,C). This proves the proposition. □ 

Remark 4.33. Remark that the unit object is the localization pair (0 C .4), where A is the dg category 
with one object and whose dg algebra of endomorphisms is k. 

4.6 Derived internal Horn- functor 

Let ^ be a cofibrant dg category and A an infinite cardinal whose size is greater than or equal to the 
cardinality of the set of isomorphism classes of objects in the category H''(^). Let i3 be a Morita fibrant 
dg category. Recall that we denote hy^: B Cdg{B) the Yoneda dg functor. 

Definition 4.34. Let B\ be the full dg subcategory of Cdg{B), whose objects are: 



4.6. Derived internal Hom-functor 
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- the right B dg modules M such that M © £) is representable for a contractible right B dg module 
D and 

- the right B dg modules of the form B (BC, where B is an object of B and the right B dg module C 
is a direct factor of 0cone(lg:), with Bi an object of B and S a set of cardinality bounded by A. 

i&S 

Let rep^g(^, S) be the dg category as in [Kel06b| |Toe07| . 

Remark 4.35. Remark that we have a quasi-equivalence B ^ B\ and that the objects of B\ are cofibrant 
and quasi- representable as right dg B modules, see |Toe07| . This implies that we have a natural dg 
functor: 

Vundg{A,Bx) := ?undg{A,Bx) /fundg{A, {Bx)contr) — > repdg{A,B). 

Theorem 4.36. For a cofibrant dg category A, a Morita fibrant dg category B and an infinite cardinal 
X as above, the natural induced dg functor: 

fundg{A,Bx)/fundg{A, iBx)contr) repdgiA,B), 

is a quasi-equivalence. 

Proof. We prove first that H''($) is essentially surjective. We have the following composition of dg 
functors 

fundgiA,B) -^fundgiA,Bx) repdgiA,B) . 

Since is a cofibrant dg category, lemma 4.3 and sub-lemma 4.4 from |Toe07| imply that H'^(<i> o /) is 
essentially surjective and so we conclude that so is H'^(<i>). 

We now prove also that the functor H°(/) is essentially surjective. Let F : A ^ Bx he a. dg functor. 
Since ^ is a cofibrant dg category and /i is a quasi-equivalence, there exists a dg functor F' : A ^ B such 
that F and ho F' are homotopic in the Quillen model structure constructed in theorem II. 81 Remark that 
since yS is a Morita fibrant dg category so is Bx- In particular Bx is stable under cones up to homotopy, 
see proposition 12.341 Since a cone can be obtained from a cone up to homotopy, by adding or factoring 
out contractible modules, we conclude that by definition, Bx is also stable under cones. By remark [44] 
we dipose of a sequence of dg functors 

F — >/ — >hoF'[l], 

such that / belongs to fundg{A, {Bx)contr)- This implies that F and h o F' become isomorphic in 
H^{Fundg{A,Bx)). This proves that the functor H'^(/) is essentially surjective. 

Let us now prove that the functor H°($) is fully faithful. Let F belong to Fundg{A, Bx). Since H'^(/) 
is essentially surjective, we can consider F as belonging to Fundg{A,B). We will construct a morphism 
of dg functors 

F' ^F, 

where fi becomes invertible in \-\'^{fundg{A,Bx)) and F' belongs to the left-orthogonal of the category 
H"{Fundg{A, {Bx)contr)), i.e. 

HomH0(FL,n<ig(^,(f5A)))(^''^) = 0' 

for every G G h\°{Fundg{A, {Bx)contr))- Consider the .A-B-bimodule Xp naturally associated to F. Con- 
sider Xp as a left ^-module and let "PXp denote the bar resolution of Xp- Remark that VXp is 
naturally a right i3-module and that it is cofibrant in the projective model structure on the category of 
^-S-bimodules. Let A be an object of A. Since the dg category A is cofibrant in dgcat, {PXp){l , A) is 
cofibrant as a B-module. We have the following homotopy equivalence 



{VXp){l,A)^Xp[l,A), 
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since both S-modules are cofibrant. This imphes that the S-module {PXp){7,A) is isomorphic to a 
direct sum Xp{?,A) © C, where C is a contractible and cofibrant Z?-module. The ;B-module C is in fact 
isomorphic to a direct factor of a B-module 

0(conelg^)[n,;], 

ies 

where 5* is a set whose cardinaUty is bounded by A, i?^, i G / is an object of B and n^, i e S' is an integer, 
see p^il94] . 

This imphes, by definition of Bx, that the ;B- module 

belongs to B\ and so the ^-B-bimodulc PXp is in fact isomorphic to Xpi for a dg functor F' : A ^ B\. 
Remark that the previous construction is functorial in A and so we have a morphism of dg functors 

F' -t^F. 

Since for each A in the morphism fiA ■ F'A — > FA is a retraction with contractible kernel, the 
morphism fi becomes invertible in 

H°{f^dg{A, Bx)). 
Let now G belong to Fundg{A, {B\)contr)- We remark that 

HomH0{FunagiA.I3^)){F' ,G) > Hom7^(^opgg) (PXf , ^g) , 

where H{A°p B) denotes the homotopy category of A-B bimodules. Since PXp is a cofibrant A-B- 
bimodule and Xq{?,A) is a contractible B-module, for every object A in A, we conclude that the right 
hand side vanishes and F' belongs to the left-orthogonal of H^{Fundg{A, {Bx)contr))- This imphes that 
the induced functor 

H"(Funrfg(A Bx)/fundg{A, (Bx) contr 
is fully faithful. This proves the theorem. □ 
Theorem 4.37. The internal Horn functor 

Hom(-,--) : Lp°P x Lp ^ Lp , 

admits a total right derived functor 

7eHom(-,-) : Ho(Lp°P x Lp) ^ Ho(Lp) 
as in definition 8.4.7 from \Hir03f . 

Proof. Let A and B be localization pairs. We are now going to define TZHom{A, B) and the morphism 
e as in definition 8.4.7 from [Hir03| . We denote by ^ -4 a functorial cofibrant resolution of A in Lp 
and hy B Bf a functorial Q-fibrant resolution of B in Lp. Remember, that by proposition 14.291 ;B/ is 
of the form 

^/ = iiBf)contr C Bf) , 

where H/ is a Morita fibrant dg category. Let A be an infinite cardinal whose size is greater or equal to 
the cardinality of the set of isomorphim classes in the category H''((^c)i)- Consider now the following 
localization pair 

iBf)x := iiiBf)x)contr C {B f) x) , 
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where {Bf)x is as in definition 14. 341 Remark that we have a canonical weak equivalence in Lp 

Bf ^ (Bf), . 

We now define 

TZHom{A,B) Hom(A, (B/)a) 
and we consider for morphism e the image in H'^(Lp) of the following Q-equivalence in Lp 

r, : {A,B) {A,,Bf) ^'^^ {A,, {Bf)^) 

under the functor Hom(— , — ). 

We will now show that the dg category associated with the localization pair 7?,Hom(^, B) is canonically 
Morita equivalent to 

repag{{Ac)i/{Ac)o,Bf). 

Remark that since Ac is a cofibrant object in Lp, by lemma H. 121 {Ac)i is cofibrant in dgcat and so we 
have an exact sequence in the Morita homotopy category of dg categories H mo, see |Kel06b) 

{Ac)o ^ {Ac)i -> {Ac)i/{Ac)o- 

Since the dg category (S/) is Morita fibrant, the application of the functor repj^g{—,Bf) to the previous 
exact sequence induces a new exact sequence in Hmo 

rePds((A)o,B/) ^ repagi{Ac)i,Bf) ^ reprfg((A)i/(A)o, B/) . 

Remember that: 

Hom(A, (B/)a)i = Fundg((A)o, ((S/)A)contr) X Fundg((A)i, (B/)a) . 

Fun<ig((^,)o,(B/)A) 

Now, since the dg categories {Ac)i and {Bf)\ satisfy the conditions of theorem 14.361 we have a natural 
inclusion of dg categories 

Hom(A, {Bf)x)i/fundg{{Ac)i, {iBf)x)contr) — > i'ep^g((A)i, ^/) • 

Now remark that this inclusion induces the following Morita equivalence 

Hom(A, {Bf)x)i/fundg{{Ac)i, {{Bf)x)contr) ^ rep,g((A)i/(A)o, B/) . 

We now show that the functor 7^Hom(— , — ) preserves Q-weak equivalences in Lp°^ x Lp. Consider a 
Q-weak equivalence 

{A,B)^{A,B), 
in Lp°^ X Lp. By construction it will induce a Morita dg functor 

{Ae)l/iAc)o ^ (A)l/(A)0 

and also a Morita dg functor 

Bf^Bf. 

This implies that the induced dg functor 

rePrfg((A)i/(A)o,S/) ^ repag{{Ac)i/{Ac)o,Bf) 
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is a Morita dg functor. Now, remark that we have the natural zig-zag of Q-weak equivalences in Lp: 

{fundg{{Ac)i, {i^f )\)contr) C Hom ( A, (S/ ) A ) 1 

i 



{fundg{{Ac)l, iiBf)x)contr) C Hom(^c, {Bf)x)i/FundgiiAc)l, i{Bf)x)contr)) 

T 

(0 C Hom(A, iBf)x)i/fundgi{Ac)u i{Bf)x),ontr)) 

This allow us to conclude that the the functor 7?.Hom(— , — ) preserves Q-weak equivalences in Lp"'' x Lp. 
This proves the proposition. □ 

Proposition 4.38. Let A be a cofibrant object in Lp. The induced internal tensor product functor 

^® - : Lp — > Lp, 

preserves Q-weak equivalences. 

Proof. Let : B ^ C be a Q-weak equivalence in Lp between cofibrant objects. We prove that the 
induced morphism in Lp 

A(S)B A(E)C, 

is a Q-weak equivalence. By lemma 11.121 ^i, Bi and Ci are cofibrant dg categories in dgcat and so we 
have a morphism of exact sequences in Hmo: 

Bi/B„ 



Ci/Cf) . 



where the last column is a Morita dg functor. Since Ai is cofibrant in dgcat proposition 1.6.3 in |Dri04| 
implies that by applying the functor ^® — we obtain the following morphism of exact sequences in Hmo: 

Ai d) Bo ^ Ai ® Bi ^ Ai (Bi/Bo) 



Ai Co ^ Ai Ci ^ Ai ® (Ci/Co) . 

This implies that we have the following Morita dg functor: 

{Ai (g) Bi)/{Ai ® Bo) {Ai Ci)/{Ai Co) . 

Let H be the full dg subcategory of (^i ^Bi)/{Ai ^Bn), whose objects are a(8)6, where a belongs to Ao 
and V the full dg subcategory of (^i Ci)/{Ai Co) whose objects are a ® c, where a belongs to Aq. 
We have the following diagram: 

*- {Ai (E> Bi)/{Ai ® Bo) 




^ {Ai®Ci)l{Ai®Co). 



4.7. Relation with dgcat 
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Remark that the dg categories A®B and A®C are Morita equivalent dg subcategories of ((^i ^Bi)/ {Ai C 
Bo))/'H, resp. ((^i (g) Ci)/{Ai Co))/'P and so we have the commutative square: 



iiAi^Bi)/iAi^Bo))/n- 



{{Ai(E>Ci)/{Ai(E>Co))/r- 



■A(g)B 

F* 

■A®C. 



By the two out of three property F* is a Q-weak equivalence. This implies the lemma. 



□ 



Remark 4.39. Since the internal tensor product 
left derived functor — (g) — 



5 — is symmetric, lemma H.38I implies that the total 
: Ho(Lp) X Ho(Lp) Ho(Lp) 



exists, see definition 8.4.7 of [Hir03| . 

4.7 Relation with dgcat 

We have the following adjunction: 



Lp 



Evi 



dgcat , 

where Evi associates to a localization pair (^o C ^i) the dg category Ai and L associates to a dg 
category A the localization pair (0 C ^). 



Proposition 4.40. // we consider on dgcat the Quillen model structure of theorem \2.27\ and on Lp the 
Q-model structure, the previous adjunction is a Quillen equivalence, see JHir03^ . 



Proof. The functor L clearly sends Morita dg functors to weak equivalences. By lemma l4.19l the evaluation 
functor Evi preserves trivial fibrations. This shows that L is a left Quillen functor. Let ^ be a cofibrant 

object in dgcat and [Bcontr C ;B) a Q-fibrant object in Lp. Let ^ B be a dg functor in dgcat. We 
need to show that is a Morita dg functor if and only if the induced morphism of localization pairs 
(0 C ^) — > {Bcontr C is a Q-weak equivalence. But since the dg functor B B/ Bcontr is a Morita dg 
functor this automatically follows. □ 



Proposition 4.41. The total derived functors, 
under the equivalence: 



andTZHom{~, — ) in the category Ho(Lp) correspond. 



Ho(Lp) 



UEvi 



to the functors. 



Ho(dgcat) 

and rep^g(— ), see JKe I06bfl To eO 7f , in the category Ho(dgcat). 



Proof. Let A and B be dg categories. Then A^B identifies with Ac<S^B, where Ac is a cofibrant resolution 
of A in dgcat. Since L{Ac) is cofibrant in Lp by lemma H.38[ we have the following zig-zag: 



L{A) (g> L{B) ^ L{Ac) ® L{B) ^ L{Ac ®B) = L(A ® B) , 
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of weak equivalences in Lp. This proves that the total left derived tensor products in Ho(Lp) and Ho(dgcat) 
are identified. Now, rep^^(^, ;B) identifies with rep^g{Ac,Bf), where Bf is a fibrant resolution of B in 
dgcat. By definition 

nHom{L{A),L{B)) = Hom{{L{A)c, {L{B) f)x) . 

where A denotes an infinite cardinal whose size is greater or equal to the cardinality of the set of iso- 
morphism classes of objects in the category H*'(^c)- We have the following Q-weak equivalent objects in 
Lp: 

nHom{L{A),L{B)) 
Hom{{L{A)c,{L{B)f)x) 

Hom((0 C Ac), {{Bf)x),ontr C {Bf)x)) 
{^\indg{Ac.,{{Bf)x)contr) C fundg{Ac,{Bf)x)) 

FundgiAc, {{Bf)x)contr) C Fundg{Ac, {Bf)x))/Fundg{Ac, {{Bf)x)contr) 

(0Crep,g(A,S/)) 
LirepdgiA,B)). 

This proves that the total right derived functor 7?.Hom(— ,— ) in Ho(Lp) corresponds to the functor 
repdg(-.-). as in }Kel06bj |Toe07| . □ 



Chapter 5 



Homotopy theory of well-generated 
algebraic triangulated categories 

Ce chapitre correspond au article ^Tabbf . 

5.1 Introduction 

Triangulated categories appear naturally in several branches of mathematics such as algebraic geometry, 
algebraic analysis, i^-theory, representation theory and even in mathematical physics, see for instance 
|Kon98| |Kon04j. 

In his book |Nee01b| . Neeman introduces the important class of well-generated triangulated categories. 
Let us recall this concept. Let a be a regular cardinal, see section 5.3 of [Cie97j . A triangulated category 
T is a-compactly generated [KraOlj [NeeOlb] if it admits arbitrary coproducts and an a-good set of 
generators Q, i.e. G is stable under shifts in both directions and satisfies 

1) an object X oi T vanishes if and only if T(G, X) = for each G E Q, 

2) each G E Q is a-small, i.e. for each family of objects Xi, i E I, oi T, each morphism 

iei 

factors through a subsum for some subset J of / of cardinality strictly smaller than a, 

3) for each family of morphisms fi : Xi ^ Yi, i G I, of T which induces surjections 

T{G,X,)^TiG,Y,) 
for all G e S and all i G /, the sum of the fi induces surjections 

r(G,0xo->r(G,0KO 

for aU Geg. 

A triangulated category is well-generated if it is a-compactly generated for a regular cardinal a, see 
[KraOl] [NeeOlb] . Clearly each compactly generated triangulated category is well-generated. Neeman 
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proves in [NeeOlbj that the Brown representability theorem holds for well-generated triangulated cate- 
gories. This is one of the main reasons for studying them. Another important result of [NeeOlb] is that 
if T is well generated and S ^ T a localization (i.e. a fully faithful triangle functor admitting a left 
adjoint whose kernel is generated by a set of objects) then S is well-generated. Thus each localization of 
a well-generated triangulated category is well-generated. 

Example 5.1. Let S be a Grothendieck abelian category, e.g. the category of modules on a ringed space. 
Then by the Popescu-Gabriel theorem f PG64] . S is a localization of the category of Mod A of v4-modules 
over some ring A. One can deduce from this |Nee01a| that the unbounded derived category of the abelian 
category S is a localization of T>{A) and thus is well-generated. 

In his lecture at the international congress of mathematicians in Madrid 2006, Keller [Kel06bj defines 
the notion of an algebraic triangulated category in order to axiomatize the properties of all triangulated 
categories appearing naturally in algebra and geometry. Recall that a triangulated category T is algebraic 
if it is triangle equivalent to the stable category £_ for some Frobenius category £. This holds if and only 
if T is triangle equivalent to a full triangulated subcategory of the category up to homotopy of complexes 
over an additive category. 

In this paper, we study the category of well-generated algebraic triangulated categories, see |Kel06b| . 
using the tools of Quillen's homotopical algebra, [Qui6 7], and the formalism of dg categories, |Dri04j 
|Kel06b| |Kel06bj [Ti^bc) |Tab06j |Tab05a| |Tab05b| |Toe07j . More precisely, for a fixed regular cardinal a 
we construct a category dgcat^^ whose objects are essentially the dg categories which are stable under 
suspensions, cosuspensions, cones and a-small sums. 

The construction of dgcat^^ ^ is done in two steps: first we construct a monad Tq, on the category of 
small differential graded categories dgcat and we consider the associated category T^-alg of Ta-algebras. 
Then the category dgcatg^,^, is obtained by considering specific diagrams in T^-alg. 

In each of these two steps we have at our disposal an adjunction and by applying an argument due 
to Quillen to our situation, we are able to lift the Quillen model structure on dgcat, see |Tab05b| . along 
these adjunctions to dgcat^^ ^. 

Finally, we define a functor 2?a(— ) from dgcat^^ to the category Trie of a-compactly generated 
algebraic triangulated categories, see [KraOl] |Nee01b| . which by |KjwMP| [Porj is known to verify the 
following conditions: 

- every category T in Tri^ is equivalent to VaiA) for some A in dgcat^^ ^ and 

- a morphism F in dgcatg^. is a weak equivalence if and only if 'Da{F) is an equivalence of triangu- 
lated categories. 

This shows that well-generated algebraic triangulated categories up to equivalence admit a natural 
Quillen enhancement given by our model category dgcat^^ ^. 



5.2 Preliminaries 

In what follows a will denote a regular cardinal and k a commutative ring with unit. The tensor product 
® will denote the tensor product over k. Let Ch(fc) denote the category of complexes over k. By a dg 
category, we mean a differential graded k category, see definition 11.11 For a dg category A, we denote by 
Cdg{A) the dg category of right A dg modules and by ^: ^ ^ Cdg{A) the Yoneda dg functor. We write 
dgcat for the category of small dg categories. By theorem 11.81 the category dgcat admits a structure of 
cofibrantly generated model category whose weak equivalences are the quasi-equivalences. 



5.3. Monadic structure T on dgcat 
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5.3 Monadic structure T on dgcat 

In this section, we will construct a monad Tq, on dgcat. The Ta-algebras will be essentially the dg 
categories which admit a-small sums, see proposition [531 This monad Tq is a variant of the well-known 
coproduct completion monad Fam of 'families', c/. |CJ95| . see also |KL97| . 

For each ordinal (3 strictly smaller than a, we denote by the underlying set of (3, see |Cie97| |Hir03j . 
Let ^ be a small dg category. We denote by fjg a generic morphism from to obj(^). 

Definition 5.2. Let Ta{A) be the small dg category whose objects are all the maps 

If, ^ obj (A) , 

where (3 < a, and whose complex of morphisms between _F}3 and -FJg' is 

HomT„(x)(F/3,J>') := n Hom^(i^^(z),F^,(j)). 

The composition and the identities are induced by those of A. 

Remark 5.3. Clearly Ta{A) is a small dg category and the above construction is functorial in A. We 
have a functor 

Tq(-) : dgcat — > dgcat. 
Definition 5.4. Let ry be the natural transformation 

V ■■ /fidgcat — > Tq(-) , 

whose evaluation at A is the dg functor 

T]A-A — > Ta{A) 

that sends an object X of ^ to the map 

h obj (A) , 
where 1 denotes the first successor ordinal, see jCieQTj . 

Notice that 77^ is a fully faithful dg functor. 
Definition 5.5. Let /i^ be the dg functor 

oT„)(^) — >T„(^), 

which sends an object 

^ obj(T„(^)) 

F 

X > — > (Ax ^ obj (A)) , 

of (Tq o Ta){A) to the map 

11^7. :=^E7. — Obj {A), 
where J2 Ix denotes the increasing sum of the ordinals 'y^, x G /3, along the ordinal (3, see section 4.2 of 
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Remark 5.6. Observe that the ordinal ^ is strictly smaller than a since f3 and each one of the 7a;'s are 

strictly smaller than a, which is by hypothesis a regular cardinal. The above construction is functorial 
in A and so we have a natural transformation 

(TaoT„)(-) ^T„(-). 

Proposition 5.7. The above construction give us a monad, see JML98f . — (Tq,(— ), ry, /i) on the 
category dgcat. 

Proof. We need to prove that the diagrams of functors 



Tq o Tq o To 




are commutative. The left diagram is commutative because the ordinal sum operation, see [Cie97j , on the 
set of ordinals strictly smaller than a, is associative. The right diagram is also commutative by definition 

of /i. 

This proves the proposition. □ 
Let ^ be a small dg category. 
Lemma 5.8. The dg category Ta{A) admits a-small sums. 

Proof. Let /3 be a cardinal strictly smaller than a. Let J be a set of cardinality /3 and G a morphism 

G: J— >obj (To(^)). 
Choose a bijection between J and Ip and consider the object 

Fp-.Ip^ohj (TaiA)) 
of (Tq o Tq) associated to G. Now notice that by definition of Ta{A) and since 



U 



the object /i^(F^) of Ta{A) is in fact the /3-small sum of G. 



□ 



Recall from |ML98| that by definition an algebra over this monad (^Ta-algebra) consists of a pair 
A — {A, R), where ^ is a small dg category and i? is a dg functor R : Ta{A) A which makes both 
diagrams 

(T„oTJ(^)^T„(^) ' 



commute. A morphism F : (A, R) 
commutative the diagram 



■A 




{B, G) of Ta-algebras is a dg functor F : A ^ B which renders 



R G 



A- 



B. 
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We denote by T^-alg the category of Ta-algebras. By theorem 1 of chapter VI from [ML98| . we have an 
adjunction 

Tc-alg 



dgcat, 

where the functor U associates to a Ta-algebra A the dg category A and F associates to a dg category 
B the Ta-algebra (Tq(S),^5). 

Proposition 5.9. Let A — (A, R) be a Ta-algebra. Then the dg category A admits a-small sums. 
Proof. Let /3 be a cardinal strictly smaller than a and J a set of cardinality /3. Let G be a morphism 

G:J — >ohj (A) . 
Choose a bijection between J and and consider the object of Ta{A) 

Fp-.Ip^ obj (A) , 

associated to G. We will prove that the object R{Fp) of A is the /3-small sum of G. Consider the following 
object 

F'p:=J^{T^j(){Fp), 

in (Tq, o Ta){Ai). Notice that Fp ~ ^,y({Fp) and so by lemma [5T51 Fp is the /3-small sum of Fp. In 
particular, we have for each x G //j a closed morphism of degree zero 

ix ■ r]A{Fp{x)) Fp 

in Ta{A). Now, since A is a Ta-algebra the equality R o rjA = Id implies that RiFp) is a weak /3-small 
sum of G in A. This means that for every object Z in A the morphism of complexes 

Hom^(i?(FB),Z) ^ llHomA{Fp{x),Z) 

induced by the closed morphisms of degree zero R{ix), x ^ surjective. We now show that it is also 

injective. Let Hi and H2 be two elements of Hom^(i?(F^), Z) such that 

Hi o ^ H2 o \fx e If3 . 

We will now prove that Hi = H2. 

Consider the following commutative diagram in A 

Fp{x)^R{Fp) 




Apply the dg functor 77^ to the previous diagram and consider the following one in 'Ta{A) 




Va{H2) ..■ 



138 



Chapter 5. Homotopy theory of well-generated algebraic triangulated categories 



Since is the /3-small sum of there is a unique morphism 6 in Tq, (A) such that 

Ooi^^ riA{R{ix)), Vx e Ip 
and a unique morphism $ in Tq(^) such that 

This imphes that 

We will show that R{0) = Id, which immediately implies the proposition. Recall that since ^ is a 
Ta-algebra, we have the following commutative diagram 



■A 



Notice that since F13 is the /3-small sum of the objects 'riTa,{A){ilA{F0{x))), the morphisms ix induce a 
morphism 

* : f> ^77T„(^)(F^), 

in (Tq o Ta)iA). Finally remark that TQ(i?)(*) = 9 and ^iaW = Id. This imphes that R{9) = Id and 
so the proposition is proven. □ 

Remark 5.10. Let F : {A, R) (S, G) be a morphism of T^-algebras. Observe that the proof of 
proposition 15.91 and the commutative square 

G 



A- 



B 



imply that the dg functor F : A B preserves a-small sums. This fact will be used in section [?771 see 
definition 15.271 



5.4 Quillen's lifting argument 

In this section, we consider an argument due to Quillen, see [Qui67| , that allows us to lift a Quillen model 
structure along an adjunction. 

Let TV be a complete and cocomplete category. Consider a functor U : Af ^ A4, with A4 a Quillen 
model category. Assume that U admits a left adjoint 

F -.M^JV. 

Definition 5.11. A morphism / : A — > i? in TV is: 

- a weak equivalence if U{f) is a quasi-equivalence in A4. 

- a fibration if U{f) is a fibration in Ai. 



5.4. Quillen's lifting argument 
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- a cofibration if it has the left lifting property with respect to all trivial fibrations in M . 

Theorem 5.12. Suppose that M is a cofibrantly generated Quillen model category and that U commutes 
with a-fiUered colimits for a regular cardinal a, see \Hir03^ . 

Then with the notions of weak equivalence, fibration and cofibration defined above, M is a Quillen 
model category provided the following assumption on cofibrations holds: every cofibration with the left 
lifting property with respect to fibrations is a weak equivalence. Moreover, the adjunction (F, U) becomes 
a Quillen adjunction. 

Proof. We denote by / the set of generating cofibrations of M. and by J the set of generating trivial 
cofibrations of M.. Notice that since M is cofibrantly generated, the domains of the elements of the 
sets I and J are /3-small for a cardinal /3, see definition 11.1.2 of |Hir03] . Since U commutes with a- 
small filtered colimits, the images of these domains under the functor F will be 7-small, where 7 is the 
maximum of a and (3. This shows that the sets F{I) and F(J) of M allow the small object argument. 

Now the proof follows the fines of the one of theorem 4.1 from [GJ99| : We simply use the set J, 
respectively J, instead of the generating cofibrations of simplicial sets, respectively generating trivial 
cofibrations of simplicial sets and consider 7-transfinite compositions, see jHir03| . for the construction of 
the factorizations. 

Observe also that the class of cofibrations that have the left lifting property with respect to fibrations 
is stable under 7-transfinite compositions. Clearly the adjunction (F, U) is a Quillen adjunction. 

This proves the theorem. □ 

Now let TV and M. be as at the beginning of this section and consider definition 15.111 
Proposition 5.13. Suppose that 

- for every object A in Af, the unique morphism A ^ *, where * denotes the terminal object in Af, is 
a fibration. 

- for every object A in M , we dispose of a factorization 

A ^ A X A 




qA 
P{A) 

where ia is a weak equivalence and qA is a fibration. 

Then every morphism in Af that has the left lifting property with respect to all fibrations is a weak 
equivalence. 

Proof. Let i : A B he a morphism in AA that has the left lifting property with respect to all fibrations. 
Consider the following diagram 

A^=A 



B- 



By the hypotheses on i we have a morphism u such that u o i = Id. We now show that the morphism 
j o u is right homotopic to the identity of B. By hypothesis, we have at our disposal a factorization 

B ^B X B 



P{B) 
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which aUows us to construct the diagram 

A ^^P(i?) 

i <iB 

B- — ■ r^B X B. 

[Id , iou] 

By the hypothesis on i, we have at our disposal a morphism H , which by definition is a right homotopy 
between the identity of B and iou. Since the functor U : M ^ M. preserves products, fibrations and 
weak equivalences the identity on U{B) and U{i) o U(u) are right homotopic in JV[ and so they become 
equal in the homotopy category Ho{M). Since we already know that U{u) o U {i) is the identity on U {B), 
we conclude that the morphism U{i) is an isomorphism in Ho{A4). By proposition 1.14 from [G J99| . 
U{i) is in fact a weak equivalence in M which implies by definition that z is a weak equivalence in A/". 
This proves the lemma. □ 



5.5 Homotopy theory of T-algebras 

Recall from section [5.31 that we have an adjunction 

Ta-alg 



dgcat . 

Since the category dgcat is complete, proposition 4.3.1 from |Bor94j implies that T^-alg is also complete. 
Now notice that the functor 

Ta(-) : dgcat — > dgcat, 

see definition 15.21 commutes with a-filtered colimits, see |Bor94j . This implies by proposition 4.3.2 and 
4.3.6 from [Bor94| that the category T^-alg is cocomplete and that the functor U commutes with a-filtered 
colimits. 

From now on and until the end of this section wc consider the definition 15. 1 II applied to our particular 
adjunction {F, U). 

Let S be a small dg category. 

Definition 5.14. Let P{B) be the dg category, see jDri04| . whose objects are the closed morphisms of 
degree zero in B 

X , 

that become invertible in \\^[B). We define the complex of morphisms 

Homp(g)(X^y,X'^y') 
as the homotopy pull-back in Ch(fc) of the diagram 

Home(r,r') 

/* 

HomB(X, X') — ^ Home(X, Y') . 
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It is proven in lemma 14.31 that P{B) is a path object for B in the Quillen model structure on dgcat 
of theorem 11.81 Notice that the above construction is functorial in B and so we have at our disposal a 
functor 

P(-) : dgcat dgcat. 

Let B ~ {B, S) be a Ta-algebra. 

Proposition 5.15. The category P{B) carries a natural Ta-algebra structure and so B admits a path- 
object P{B). 

Proof. Since i? is a T^-algebra, we have the dg functor 'sum' 

S:J^{B)^B 

and we will construct a dg functor 

S:J^{P{B))^P{B). 
Observe that we have a faithful dg functor 

-\^{P{B))^P{J^{B)). 

Define S as the composition of this dg functor with 

P{Jo.{B))^P{B). 

Since i? is a Ta-algebra, this construction shows us that {P{B),S) is also a Ta-algebra. It is also clear 
by construction that the dg functors B P{B) and 

P{B) BxB 

are in fact morphisms of Ta-algebras, where BxB carries the diagonal Ta-action. This proves the 
proposition. □ 

Theorem 5.16. The category T^-alg when endowed with the notions of weak equivalence, fibration and 
cofibration as in definition \5.11[ becomes a cofibrantly generated Quillen model category and the adjunction 
(F, U) becomes a Quillen adjunction. 

Proof. Recall from thcorem ll.Sl that we have an explicit set / = {Q, S{n), n G Z} of generating cofibrations 
and an explicit set J = {F, R{n), n G Z} of generating trivial cofibrations for dgcat. 

Now notice that all conditions of theorem 15.121 are satisfied. In particular proposition 15. 151 and the 
fact that every object in dgcat is fibrant, see remark [1.141 imply proposition 15. 131 which implies that the 
assumption on cofibrations of theorem 15. 121 holds. 

Observe that F{I) is a set of generating cofibrations on Ta-alg and that F{J) is a set of generating 
trivial cofibrations on Ta-alg. This implies that the Quillen model structure on Ta-alg is cofibrantly 
generated. Since the functor U preserves by definition weak equivalences and fibrations the adjunction 
{F, U) is a Quillen adjunction. This proves the theorem. □ 



5.6 Exact Qf-cocomplete dg categories 

In this section, we will construct a category dgcat^^ a by considering specific diagrams in Ta-alg. The 
objects of dgcatg^ ^ will be essentially the dg categories which are stable under suspensions, cosuspensions, 
cones and a-small sums, see remark [5. 201 
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Deflnition 5.17. Let V be the dg category with only one object X and whose dg algebra of endomor- 
phisms is k concentrated in degree 0. Let S, respectively , be the full sub dg category of Cdg{V), 

whose objects are X and X[l], respectively X and X[— 1]. We have a fully faithful dg functor V ^ S, 

respectively V S^^. Let A4 be the dg category which has two objects and 1 and is generated by 
a morphism / from to 1 that satisfies d{f) = 0. Let C be the full sub dg category of Cdg{J^), whose 

objects are 0, 1 and cone(/). We have a fully faithful dg functor A4 ^ C. 

Let ^ be a small dg category. 

Remark 5.18. Notice that giving a dg functor H : S ^ A, respectively H' : S^^ A, corresponds exactly 
to specifying two objects X and Y in A and an isomorphism X[l] Y, respectively 1] — ^ Y, in 
Cdg{A). Notice also that giving a dg functor R : C ^ A corresponds exactly to specifying a morphism 
/ : X ^ F of degree zero in A such that d{f) = 0, an object Z m A and an isomorphism Z cone(/). 

Recall from section [5.31 that we have at our disposal an adjunction 



Ta-alg 



dgcat . 



Definition 5.19. Let dgcatg^. q, be the category whose objects are the 4-tuples A — (A, Sa, Sj^^ ,Ca), 
where A is a Ta-algebra and Sa, and Ca, the structure morphisms of A, are Ta-algebra morphisms 
which make all diagrams 



U FiS) 




V-*A 



U F{S-') 
r^A 




U F{M) 

M^A 



U F{C) 

M^A 




commutative. 

A morphism G : -A ^ _B in dgcatg^ ^ consists of a morphism of Ta-algebras G : A B that makes 
the following diagrams 



U F{S) 

V^A 
Sa 



U F{S) 

Sb 



U F{S-^) 

V^A 



. U F{S-^) 

ST.' 



U F{C) 

M^A 
Ca 



. U F{C) 

M^B 



Ce 



B 



A- 



B 



A- 



B 



commutative. 



Remark 5.20. Observe that an object A in dgcat^^ ^ consists of a T^-algebra A and of a choice, in the 
sense of remark [5. 181 for the suspensions and cosuspensions of every object of the dg category A — U{A) 
and also of a choice for the cone of every cycle of degree zero of the dg category A. In particular A is 
stable under suspensions, cosuspensions and cones. 

Observe also that a morphism G in dgcat^^ ^ consists of a morphism of Ta-algebras that commutes 
with all these choices. 
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We have a forgetful functor 

Ui : dgcat^^ „ — > T„-alg, 
that associates to an object A of dgcatg^. ^ the Ta-algebra A. 
Proposition 5.21. The functor Ui admits a left adjoint functor Fi. 



Proof. The proof will consist in verifying the conditions of theorem 2 from section V.6. of |ML98| . i.e. 
that dgcatgj. ^ has small limits and satisfies the solution set condition. We will now prove that the 
category dgcatg^, ^ admits small limits by showing that we have products and equalizers. Then we will 
prove that these are preserved by the functor Ui. Let {Ai}i^j be a family of objects in dgcat^^^. Endow 
the Tct-algebra Yi^i with the structure morphisms induced by those of Ai, i e /. In this way, the 

Tc,-algebra Y[ belongs naturally to dgcat^^ ^ and we observe that it is the product in dgcat^^ ^ of the 

is/ 

familly {A^jig/. 

Consider now morphisms Gi, G2 : A^ B_ in dgcatg^ ^. Let K be the equalizer in Tc-alg of the pair 
Gi, G2 : A ^ B. By remark [5.201 we need to show that the dg category U (K) is endowed with a choice 
for the suspension and cosuspcnsion for each object and with a choice for the cone of every cycle of degree 
zero. Since C/ is a right adjoint functor, U{K) identifies with the equalizer of the pair 

U{Gi),U{G2) -.A^B 

and since Gi and G2 are morphisms in dgcatg^ ^^, the dg functors U{Gi) and U{G2) commute with all 
the choices. This implies that the the non-full dg subcategory U (K) of A is stable under all the choices 
of suspension, cosuspcnsion and cones in A. This shows us that K belongs naturally to dgcat^^ ^ and 
that it is the equalizer in dgcat^^^^ of the pair Gi, G2 ■ B_. This proves that the category dgcat^^.^^ 
admits small limits and by construction they are preserved by the forgetful functor Ui . 

We will now prove that the solution set condition is verified, see [ML 9 8) . 

Let A he a T^-algebra. Consider the following set of morphisms in T^-alg 



Ens 



FiP) F{S), F{P) 



FiS- 



F{M) F{C) 



Since V and M are clearly small in dgcat and the functor U commutes with a-filtered colimits, the objects 
F{V) and F(M.) are a-small in T^-alg, see [Hir03] . 

Apply the small object argument, see [Hir03j . to the morphism 

A — > 0, 

where denotes the terminal object in Tc-alg, using the set of morphisms Ens. Wc obtain a factorization 

A ^0 





Ex„(A) 

where q is a morphism of T^-algebras that has the right lifting property with respect to all elements of 
Ens. 

Now, for each one of the following (solid) commutative squares 



F{V) 

F{S) 



■Ex„(A) 

.rf 



F{V) 



Ex„(A) 



F(S- 



F[M) 

F(C) 



■ Ex„(A) 



F[S) ^ 



F{S-^) ^0 



F{C) -0, 
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choose a morphisni of T„-algebras, (here denoted by a dashed arrow), as m the proof of proposition 
10.5.16 from [Hir03j . that makes both triangles commutative. Notice that a set of morphisms as this one 
specifies structure morphisms for the Ta-algebra Exa{A)- This shows us that when endowed with these 
choices Exq(A) belongs to dgcatg^ 

Let now _B be an object of dgcatg^, ^ and Q : A ~> B he a. morphism of T^-algebras. Observe that the 
structure morphisms of B and the construction of the T^-algebra Exa{A) by the small object argument, 
see the proof of proposition 10.5.16 in [Hir03j . allow us to define, by transfinite induction, a morphism Q 
of T^-algebras such that the diagram 



Ex„(A) 




commutes. Observe also that when the TQ,-algebra Exq(A) is endowed with the above choices the mor- 
phism Q becomes a morphism in dgcat^^ ^. This proves the solution set condition. 

The proposition is now proven. □ 



We have the following adjunctions 



dgcatg^ 



-Fi 



Ui 



Ta-alg 



dgcat . 



Proposition 5.22. The functor Ui is monadic, see J ML 9 8^ . 



Proof. To prove that the functor Ui is monadic, see section 3 of |ML98| . we will verify condition {Hi) of 
theorem 1 from section VI. 7. of |ML98j . 

Let Gi,G2 : B_he a pair of morphisms in dgcatg^. Consider the following split coequalizer, see 
[ML98j . in T„-alg 




where L o Gi = L o G2, L o Q = Id, Gi o R — Id, and G2 o R = Q o L. 

We will now construct structure morphisms for D such that D will become an object of dgcatg^. „ and 
L a morphism in dgcatg^. ^. Apply the functor U to the previous split coequalizer in T^-alg and obtain 




Now, apply the functors 



]J X , Y[C : dgcat dgcat 



5.6. Exact a-cocomplete dg categories 
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to the previous split coequalizer in dgcat and obtain the following diagram 



U c 




U M- 



Notice that since L is a split coequalizer in dgcat, the rows in the diagram are coequalizers. This 
implies that the dg functors Ca and Cg, which correspond under the adjunction {F, U) to the structure 
morphisms Ca and Cb, induce a dg functor C-p. Now, since L admits a right inverse Q, a diagram 
chasing argument shows us that the right triangle in the diagram is commutative. 

Observe that under the adjunction [F, U) this commutative diagram corresponds exactly to a structure 
morphism Co on D. Clearly by construction the morphism U preserves this structure morphism. Now, 
consider an analogous argument for the construction of structure morphisms Qd and Q^^. 

We will now prove that L is a coequalizer in the category dgcatg^, ^. Let E_ be an object of dgcat^^^ 
and H : B_—f E_a, morphism such that H oGi — H oG2- Since the morphism L is a coequalizer in T^-alg, 
there exists an unique morphism of T^-algebras R which makes the following diagram 



A: 



B- 




D 



E 



commutative. We now prove that i? is a morphism in dgcat^^ ^. Since L o Q = Id we have R = H o Q. 
Now apply the functors 

[] C: dgcat ^ dgcat, 

to the image of the diagram above under the functor U, and use a diagram chasing argument to conclude 
that L belongs in fact to dgcat^^ ^. This proves the proposition. □ 



Notice that since Ui is monadic and the category T^-alg is complete, proposition 4.3.1 from [Bor94| 
implies that dgcat^^ is also complete. 

Proposition 5.23. The category dgcat^^ ^ admits a-filtered colimits and these are preserved by the 
functor Ui . 

Proof. Let {Ai}ifzi be an a-filtered diagram in dgcat^^. ^. Consider the colimit 

Y := colimAi , 

of the a-filtered diagram {Ai]i^i of Tc-algebras. 

We will now construct structure morphisms for Y such that Y becomes the colimit in dgcat^^ ^ of the 
diagram Since the functor U commutes with a-filtered colimits, see section [5.51 we have 

U{Y) = cohmA . 
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We now construct a structure morphism Cy, see definition 15. 191 for Y. We have the following a-filtered 
diagrams in dgcat and morphisms between them 



U M 



U c 

M^A, , 



iei 



lel 



Now notice that since we are considering a-filtered colimits, we have 



colim T T M 



n 



M 



M^Ai 



A^^colim^i 



and 



colim T T C 



M-*A, 



A1 -►colim 

iei 



This implies that the morphism of Ta-algebras which corresponds under the adjunction (F, U) to the 

dg functor colim is a structure morphism Cy of Y. Consider now an analogous argument for the 

iei 

construction of structure morphisms Sy and 5*^^. 

Finally since the functor U commutes with a-filtered colimits, Y is clearly the colimit in dgcatg 
the diagram {Ai}i^i. This proves the proposition. 

Proposition 5.24. The category dgcatg^. ^ is cocomplete. 

Proof. Recall that by proposition 15.221 the adjunction 



of 
□ 



dgcatg 



Ui 



Ta-alg, 



is monadic. Now by propositions 4.3.2 and 4.3.6 of |Bor94j we only need to show that the functor 
Ui o Fi commutes with a-filtered colimits. But this follows from the fact that Fi is a left adjoint and 
that by proposition 15.231 a-filtered colimits exist in dgcat^^ q, and are preserved by Ui. This proves the 
proposition. □ 



We will now construct path objects in dgcat^^ ^. For this we consider definition 1 5 . 1 31 applied to our 
particular adjunction {Fi, Ui), see theorem 15.161 
Let A be an object of dgcat^^ ^. 



Proposition 5.25. The Ta-algebra P{A), see vrovosition \5. 15\ is endowed with natural structure mor- 
phisms and so A admits a path object in dgcat^^ q,. 

Proof. We will construct structure morphisms >5'p(^), Sp^^-^ and Cp(^) for P{A), see definition 15.191 in 
such a way that P{A) becomes a path object in dgcatg^^^. Construct the structure morphism S'p(a)j 
respectively Sp^^y by applying Sa, respectively S^^, componentwise. 
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By reinark r5.20[ to construct a structure morphism Cp(yi), we need to construct a cone in the category 
P{A) for every cycle of degree zero in P{A). Let now {mx, ttiy, h) be a cycle of degree in P{A) between 

the objects X Y and X' Y' of P{A). In particular ft, is a morphism in A of degree —1 such that 
d{h) = niY o / ^ ./' o "^x- Consider the following diagram 




cone(TOjf ) - >- cone(my) , 

where h' — and $ is the morphism defined by the matrix 



Observe that the object in P{A) 



f h ■ 
Sif)_ 



cone(TOx) >■ cor\e{mY) , 



corepresents the cone of the morphism {mx,mY,h) in P{A). This shows us that P{A) belongs to 
dgcatg^ It is also clear that the morphisms A — ^ P{A) and 



Ax A 



P{A)- 

are in fact morphisms in dgcatg^. ^ and that iA is a weak equivalence. This proves the proposition. □ 

We will now prove the main result. 

Theorem 5.26. The category dgcatg^. ^ when endowed with the notions of weak equivalence, fibration 
and cofibration as in definition \5.11\. becomes a cofibrantly generated Quillen model category and the 
adjunction {Fi,Ui) becomes a Quillen adjunction. 



Proof. Recall from theorem 15.161 that we have an explicit set F{I) of generating cofibrations and an 
explicit set F{J) of generating trivial cofibrations for Ta-alg. 

Now notice that all conditions of theorem 15.121 are satisfied. In particular proposition 15.251 and the 
fact that every object in T^-alg is fibrant imply proposition 15.131 which implies that the assumption on 
cofibrations of theorem 15.121 holds. 

Observe that Fi(F{I)) is a set of generating cofibrations on dgcat^^ ^ and that Fi{F{J)) is a set of 
generating acyclic cofibrations on dgcat^^ ^. This implies that the Quillen model structure on dgcat^^ ^ 
is cofibrantly generated. Since the functor Ui preserves by definition weak equivalences and fibrations 
the adjunction {Fi, [/i) is a Quillen adjunction. This proves the theorem. □ 



5.7 Enhancement of well-generated algebraic triangulated cat- 
egories 

In this section, we show that the category of a-compactly generated algebraic triangulated categories up 
to equivalence admits a natural Quillen enhancement given by our model category dgcatg^. ^ . 
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Let Trio, denote the category of a-compactly generated algebraic triangulated categories in the sense 
of Neeman, see [KraOlj [NeeOlbj . 

Let A be an object of dgcat^^ ^, with underlying dg category A. Recall from proposition 15.91 that A 
admits a-small sums. 

Definition 5.27 ( [PorJ ). The a-continuous derived category of -A is the classical triangle quotient, 

see |Nee01b| |Ver96| . of the derived category VIA) of A by the localizing triangulated subcategory, i.e. 
stable under infinite sums, of P(^) generated by the cones on the canonical morphisms 

iei iei 

where {Xi)i£i is a family of objects of A and / is a set of cardinality strictly smaller than a. 

Remark 5.28. By a theorem of PorJ, X'q,(A) belongs to Trie,. 

Observe that this construction is functorial in A. In fact, let F : A ^ B_he a morphism in dgcatg^ ^. 
Since the dg functor F : A B commutes with a-small sums, see remark [5T0j it induces a functor 

V^{F) : Vo^iA) ^ D^{B) 

between triangulated categories. 
Thus, we have defined a functor 

Vai-) : dgcat^^ „ — > Tri„ . 

Observe that ii F : A^ B_is a weak equivalence in dgcat^^ ^, i.e. the dg functor F : A B induces an 
equivalence of categories H°(i^) : H''(^) H''(i3), then the triangulated functor VaiF) is an equivalence 
of triangulated categories. 

The following theorem is proven in jPor] . c/. |KjwMP| . 

Theorem 5.29 ([Pot]). The functor Dai— ) satisfies the conditions: 

- every category T in Tri^ is equivalent to 2?q(A) for some object A in dgcat^^ ^ and 

- a morphism F in dgcat^^ q, is a weak equivalence if and only if'Da{F) is an equivalence of triangu- 
lated categories. 



Part III 



Applications a la 
DG-(de)stabilisation 
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Chapter 6 



On the structure of Calabi-Yau 
categories with a cluster tilting 
subcategory 

Ce chapitre correspond a I'article ITabOTj . 

6.1 Introduction 

In this article, we propose a description of a class of Calabi-Yau categories using the formalism of dg- 
categories and the notion of 'stabilization', as used for the description of triangulated orbit categories in 
section 7 of [Kel05| . For d ^ 2, let C be an algebraic d-Calabi-Yau triangulated category endowed with a 
d-cluster tilting subcategory T, cf. |KR07| [Iya07| [Iya05| , see also |Boc) |Gina| [Ginb] . Such categories 
occur for example, 

- in the representation-theoretic approach to Fomin-Zelevinsky's cluster algebras |FZ02| . cf. [BMRTj 
[CK] [GLS06] and the references given there, 

- in the study of Cohen-Macaulay modules over certain isolated singularities, cf. |IR] [KR07| [lY] . 
and the study of non commutative crepant resolutions |VdB02j , cf. [IR] . 

From C and T we construct an exact dg category B, which is perfectly (d -I- 1)-Calabi-Yau, and a non- 
degenerate aisle U, cf. [KV88J, in H°(;B) whose heart has enough projectives. We prove, in theorem 16. 27[ 
how to recover the category C from B and U using a general procedure of stabilization defined in sec- 
tion [621 This extends previous results of [KR06j to a more general framework. 

It follows from [Palj that for d = 2, up to derived equivalence, the category B only depends on C 
(with its enhancement) and not on the choice of T. In the appendix, we show how to naturally extend a 
i-structure, cf. |BBD82] . on the compact objects of a triangulated category to the whole category. 

Example Let be a field, A a finite-dimensional hereditary fc-algebra and C = Ca the cluster 
category of A, see [BMR+06] |CCS06| . i.e. the quotient of the bounded derived category of finitely 
generated modules over A by the functor F = t^^[1], where r denotes the AR-translation and [1] denotes 
the shift functor. 

Then B is given by the dg algebra, see section 7 of |Kel05j . 

B^A®{DA)[-3] 
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and theorem 16.271 reduces to the equivalence 

V\B)/per{B)^CA 

of section 7.1 of |Kel05) . 

6.2 Preliminaries 

Let k he a, field. Let £ he a fc-linear Frobenius category with spUt idempotents. Suppose that its stable 
category C = £_, with suspension functor S, has finite-dimensional Hom-spaces and admits a Serre functor 
S, see |BK90| . Let d ^ 2 be an integer. We suppose that C is Calabi-Yau of CY-dimension d, i.e. [Kon98| 
there is an isomorphism of triangle functors 

We fix such an isomorphism once and for all. See section 4 of |KR07j for several examples of the above 
situation. 

For X, y G C and n e Z, we put 

Ext"(X, Y) = Romc{X, 5"^) . 
We suppose that C is endowed with a d-cluster tilting subcategory T C C, i.e. 

a) T is a fc-linear subcategory, 

b) T is functorially finite in C, i.e. the functors Homc(?, X)\T and Homc(^, ?)|^ are finitely generated 
for aU X eC, 

c) we have Ext^T, T') = for all T,T' and all < i < d and 

d) if X e C satisfies Ext'(T, X) = for all < i < d and aU T e T, then T belongs to T. 

Let M. G E he the preimage of T under the projection functor. In particular, Ai contains the 
subcategory V of the projective-injective objects in M.. Note that T equals the quotient M of M. by the 
ideal of morphisms factoring through a projective-injective. 

We have the following commutative square: 

M ^ >-£ 



^£^C. 

We use the notations of jKel06b| . In particular, for an additive category A, we denote by C{A) (resp. 
C^(„4), C'^{A), ■ . .) the category of unbounded (resp. right bounded, resp. bounded, . . .) complexes over 
A and by Ti-iA) (resp. TL^{A), H^{A), . . .) its quotient modulo the ideal of nuUhomotopic morphisms. 
By |KV87| . c/. also |Ric91| . the projection functor £ ^ £_ extends to a canonical triangle functor 
n^{£)/H^{V) £. This induces a triangle functor TC'iM) /rL^{V) £. It is shown in PalJ that this 
functor is a localization functor. Moreover, the projection functor 'H''{A4) H^{A4)/H^{V) induces an 
equivalence from the subcategory '^^.^^^(TW) of bounded acyclic complexes with components in Ai onto 
its kernel. Thus, we have a short exact sequence of triangulated categories 
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Let B be the dg (^differential graded) subcategory of the category C''{A4)dg of bounded complexes 
over A4 whose objects are the ^-acyclic complexes. We denote by G : H^{M) T>[Q°pYp the functor 
which takes a right bounded complex X over M to the dg module 

Bi-^Hom;^(X, B), 

where B is in 

Remark 6.1. By construction, the functor G restricted to 'H\_^^{Ai) establishes an equivalence 

G:Ht,,(>()^per(S°Pr- 

Recall that if P is a right bounded complex of projectives and A is an acyclic complex, then each 
morphism from P to A is nuUhomotopic. In particular, the complex Hom^(P, A) is nuUhomotopic for 
each P in Ti^{V). Thus G takes Ti^{P) to zero, and induces a well defined functor (still denoted by G) 

G : l-L\M)/n\V) — > D(i3°P)°P . 



6.3 Embedding 



Proposition 6.2. The functor G is fully faithful. 

For the proof, we need a number of lemmas. 
It is well-known that the category 7i~(5) admits a semiorthogonal decomposition, cf. [BOj . formed by 
H^{V) and its right orthogonal 'H'^_^^{£), the full subcategory of the right bounded f -acyclic complexes. 
For X in Ti.~{£), we write 

pX ^ X ^ SipX SpX 

for the corresponding triangle, where pX is in H^{V) and apX is in 'H^_g^^{E). If X lies in ?i^(A1), then 
clearly apX lies in 'Hg_^^{Ai) so that we have an induced semiorthogonal decomposition of H^{A4). 

Lemma 6.3. The functor T : n^{M)/Ti!'('P) — > ■^^.^^(X) which takes X to apX is fully faithful. 

Proof. By the semiorthogonal decomposition of H^{A4), the functor X ^ a.pX induces a right adjoint 
of the localization functor 

n-{M) — > n-{M)/H-{v) 

and an equivalence of the quotient category with the right orthogonal 'H'^_^JyM.). 



n\M)/'H\V) 



H-{V) 



n-iM) 



H-{M)/n-{r) 



^£-aciM) = n{py 



Moreover, it is easy to see that the canonical functor 

li.\M)/n\V) — > u-{M)/H-{v) 

is fully faithful so that we obtain a fully faithful functor 

n\M)/n\v) n-,_,,{M) 

taking X to apX. 



□ 
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Remark 6.4. Since the functor G is triangulated and takes H (V) to zero, for X in H^{M), the adjunction 
morphisni X SLpX yields an isomorphism 

G{X) ^ Gi&pX) = G{TX) . 

Let 'DJ^{A4) be the full subcategory of the derived category T>{M) formed by the right bounded 
complexes whose homology modules lie in the subcategory ModAl of ModA^. The Yoneda functor 
M Mod A^, M M^, induces a full embedding 

* : -Hs-aciM) V-^{M) . 

We write V for its essential image. Under ^, the category H|_q^(A^) is identified with per^(A^). Let 
$ : V^{M) V{B°P)°P be the functor which takes X to the dg module 

Bh^Hom'(Xc,*(S)), 

where B is in W|_£jj,(A^) and Xc is a cofibrant replacement of X for the projective model structure on 
C{A4). Since for each right bounded complex M with components in A4, the complex is cofibrant 
in C{M), it is clear that the functor G : n''{M)/n''{'P) V{B°p)°p is isomorphic to the composition 
$ o ^ o T. Wc have the following commutative diagram 



VC 

Lemma 6.5. Let Y be an object of'DJ^{M). 

a) Y lies in per_^(A^) iff H'°(y) is a finitely presented Ai-module for all p £ Tj and vanishes for all 
but finitely many p. 

b) Y lies in V iffWiY) is a finitely presented A4 -module for all p £ Z, and vanishes for all p^ 0. 

Proof, a) Clearly the condition is necessary. For the converse, suppose first that F is a finitely presented 
Al-module. Then, as an ^Vf-module, Y admits a resolution of length d+lhy finitely generated projective 
modules by theorem 5.4 b) of jKR07| . It follows that Y belongs to per^(AI). Since per^(A^) is 
triangulated, it also contains all shifts of finitely presented A^-modules and all extensions of shifts. This 
proves the converse. 

b) Clearly the condition is necessary. For the converse, we can suppose without loss of generality that 
Y" = 0, for all n ^ 1 and that Y" belongs to proj for n ^ 0. We now construct a sequence 

..■—> P„ —!■•■• ^ P]^ ^ Pq 

of complexes of finitely generated projective Al-modules such that P„ is quasi-isomorphic to T^_„y for 
each n and that, for each p G Z, the sequence of A^-modules P^ becomes stationary. By our assumptions, 
we have t^qY ^ H"(y). Since H°(F) belongs to mod Al, we know by theorem 5.4 c) of ^KR07j that it 
belongs to per(Al) as an A^-module. We define Pq to be a finite resolution of H°(y) by finitely generated 
A^-modules. For the induction step, consider the following truncation triangle associated with Y 

S'+^U-'-\Y) T^-^-lY T^^.Y S'+^U-'-\Y) , 





W£-ac(A!) ^ Per^(-^) per(B°f) 
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for i ^ 0. By the induction hypothesis, we have constructed Pq, . . . , Pi and we have a quasi-isomorphism 
Pi ^ T^^iY. Let Qi+i be a finite resolution of S''+^H^*^^ (F) by finitely presented projective A^-modules. 
We have a morphism fi : P^ ^ Qi+i and we define Pi+i as the cylinder of /j. We define P as the limit 
of the Pi in the category of complexes. We remark that Y is quasi-isomorphic to P and that P belongs 
to V. This proves the converse. □ 

Let X be in H^_^^{M). 

Remark 6.6. Lemma 16.51 shows that the natural t-structure of 'D{A4) restricts to a ^-structure on V. This 
allows us to express '^{X) as 

-^(X) ^ holimT^_,«'(X) , 

i 

where T^_i^'(X) is in per j^{M). 

Lemma 6.7. We have the following isomorphism 

= $(holimT;j_,*(X)) ^ holim$(T^_,^'(X)) . 

i i 

Proof. It is enough to show that the canonical morphism induces a quasi-isomorphism when evaluated 
at any object B of B. We have 

$(holimT^_,*(X))(B) = Hom'(holimT;s_,*(X),B) , 

i i 

but since _B is a bounded complex, for each n G Z, the sequence 

i ^ Hom"(r^_^5'(X),B) 
stabilizes as i goes to infinity. This implies that 

Hom'(holimr^_,^'(X),S) ^ holim$(T;j_,*(X))(B) . 

i i 

□ 

Lemma 6.8. The functor $ restricted to the category V is fully faithful. 
Proof. Let X, Y be in 'Hg_^^{A4) . The following are canonically isomorphic : 

Hom2,(gop)op {^^X, 
Hom-p(g<,p) (^vJ/F, $vl/X) 

Hom25(gop)(hocolim$T^_i\I'F, hocolim$r^_,*X) (6.1) 
holim Hom25(gop)($T^_.j*y, hocolim$r^_, vI/X) 

holim hocolimHom-p(Bop)(<l>r^_iVl/y, $t^_ vJ/X) (6.2) 
hohm hocohm Hompor . . {m\ {'''>- j "^^^ r-^-i'^Y) 

i j 

hohm Homy (hohm _j t;, _ ) (6.3) 
Homv(*(X),*(y)). 

Here (4.1) is by the lemma K7\ seen in 'D{B°p), (4.2) is by the fact that c&r^^j^I'F is compact and (4.3) 
is by the fact that r^^i'^Y is bounded. □ 



It is clear now that lemmas 16. 3[ 16.71 and 16.81 imply the proposition 16.21 
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6.4 Determination of the image of G 

Let Lp : T>~(M) — > T>J^{M) be the restriction functor induced by the projection functor M M. Lp 
admits a left adjoint L : VJ^{M) — > V~{M) which takes Y to Y®^M_. Let B~ be the dg subcategory of 
C~ {}AodM)dg formed by the objects of X'^(A^) that arc in the essential image of the restriction of ^' to 
^l-ac(-^)- Let B' be the dg quotient, c/. [Dri04| . of B~ by its quasi-isomorphisms. It is clear that the dg 
categories B' and B are quasi-equivalent, c/. |Kel94j . and that the natural dg functor M C~ {yiodM.)dg 
factors through B' . Let R' : V{B°p)°p V{M°p)°p be the restriction functor induced by the dg functor 
M B'. Let $' : VJ^iM) V{B'°p)°p be the functor which takes X to the dg module 

B' ^Uom'iXcB') , 

where B' is in B' and Xc is a cofibrant replacement of X for the projective model structure on C{ModM). 
Finally let F : V{M) V{M°p)''p be the functor that sends Y to 

M ^ Rom' {Yc,M {7, M)) , 

where Y^. is a cofibrant replacement of Y for the projective model structure on C(Mod Al) and M is in 
M. 

We have the following diagram : 



V{B°PY 




n\M)/n\v) 



■ v{B'°py 

R' 



B 



B' 



'D" (M) — ^ ViATPyp M 



Lemma 6.9. The following square 



V-{M) 



V-^{M)-^V{B"'P) 



■V{M 



R' 



op\op 



B' 



M 



is commutative. 

Proof. By definition {R' o $')(X)(M) equals Hom'(Xc, M)). Since M{7, M) identifies with LpM^ 
and by adjunction, we have 



Hom'(Xc,Al(?,M)) ^ Hom*(Xc,LpM'') YLom.' {{LX)^, Mil , M)) , 
where the last member equals (F o L){X){M). 
Lemma 6.10. The functor L reflects isomorphisms . 



□ 



Proof. Since i is a triangulated functor, it is enough to show that if L{Y) ~ 0, then Y = Q. Let Y be in 
T>J^{M.) such that L{Y) = 0. We can suppose, without loss of generality, that W{Y) = for all p > 0. 
Let us show that H"(y) = 0. Indeed, since H°(y) is an Al-module, we have Il"(F) ^ L^ll^{Y), where 
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LP : Mod -> ModM is the left adjoint of the inclusion Mod Al ModA4. Since W{Y) vanishes in 
degrees p > 0, we have 

i"H°(r) = H"(Ly). 

By induction, one concludes that W{Y) = for all p ^ 0. □ 

Proposition 6.11. An object Y ofVJ^{A4) lies in the essential image of the functor 'i> oT : H^{A4) /Ti,^{V) 
VJ^{A4) iffr^-riY is in per^(7W), for all n G and L{Y) belongs to per(Al). 

Proof Let X be in li}'{M)/V}'{r). By lemma a) , t^_„*T(X) is in per^(X), for aU n e Z. Since 
X is a bounded complex, there exists an s ^ such that for all m < s the m-components of T{X) are 
in P, which implies that L'^T{X) belongs to per(Al). 

Conversely, suppose that Y is an object of V^{M) which satisfies the conditions. By lemma [6751 Y 
belongs to V. Thus we have Y = '^(Y') for some Y' in '^^.^^.(A^). We now consider Y' as an object of 
H^{M.) and also write ^ for the functor TL^{M.) {M.) induced by the Yoneda functor. We can 

express Y' as 

Y' hocolimcr^_iF' , 

i 

where the a^-i are the naive truncations. By our assumptions on Y' , a^-iY' belongs to 1-(.^{M)/H}'{V), 
for all i G Z. The functors ^' and L clearly commute with the naive truncations cr^^i and so we have 

L{Y) ^ L{^Y') ^ hocolimi(cr^_j*r') ^ hocolimCT^_,L(^'r') . 

By our hypotheses, LiY) belongs to per(Al) and so there exists an m ^ such that 

L{Y) = L(*y') ^ a^_raL{^Y') = L(a^_™*y') . 
By lemma IB. 101 the inclusion 

*(a^_„y)' = a^-^^-y *(y') = y 

is an isomorphism. But since a^-„iY' belongs to Ti.^{M)/H^{V), Y identifies with ^'(o'^_„iy'). □ 

Remark 6.12. It is clear that if X belongs to per(Al), then r{X) belongs to ver(A4°^)°^ ■ We also have 
the following partial converse. 

Lemma 6.13. Let X be in V^^^j^{M) such that T{X) belongs to per(Al°P)°^'. Then X is in per(Al). 

Proof. By lemma 16.51 b) we can suppose, without loss of generality, that X is a right bounded complex 
with finitely generated projective components. Applying F, we get a perfect complex T(X). In particular 
r(X) is homotopic to zero in high degrees. But since F is an equivalence 

projAl^ (projAl''P)°f , 

it follows that X is already homotopic to zero in high degrees. □ 

Remark 6.14. The natural right aisle on T>{Ai) is the full subcategory of the objects X such that H"{X) ~ 
for all n < 0. The associated truncation functor r^o takes per^(A^) to itself. Therefore, the natural 
right aisle on T>{A4) restricts to a natural right aisle 14°^ on per^(7W). 

Definition 6.15. Let U be the natural left aisle in per_^(A^)°P associated with 

Lemma 6.16. The natural left aisle lA on per^(A1)°P per(y8°'') satisfies the conditions of proposi- 
tion WM b). ~ 
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Proof. Clearly the natural left aisle U in per^(A^)°P is non-degenerate. We need to show that for each 
C e perj^{M)°^, there is an integer N such that Hom(C, S'^C/) = for each U e U. We have the 
following isomorphism 

Hompe,^(A,)op(C, S^U) ^ Hompe,^(^)(5-^W°f , C) , 

where U"^ denotes the natural right aisle on per_^(A^). Since by theorem 5.4 c) of jKR07| an Al-module 
admits a projective resolution of length c?+ 1 as an A^-module and C is a bounded complex, we conclude 
that for iV > 

Homp„^(^)(5-^W°^C)=0. 

This proves the lemma. □ 

We denote by and r^„, n G Z, the associated truncation functors on V{B°^)"p. 

Lemma 6.17. The functor $ : 'Dj^iM) — > X>{B°p)°p restricted to the category V is exact with respect to 
the given t-structures. 

Proof We first prove that <^{V^q) C V{B°pY^^. Let X be in V^o- We need to show that $(X) belongs 
to X'(S°p)^''q. The following have the same classes of objects : 



V{B''nlo 

(per(B°f)^o)^ (6.4) 
^(per(e°f )°f )>o , (6.5) 

where in (5.1) we consider the right orthogonal in T>{B°^) and in (5.2) we consider the left orthogonal in 
V{B°P)°P. These isomorphisms show us that $(X) belongs to V{B°Pf^„ iff 

Homi,(Bop)op($(X),$(P)) = 0, 

for all P G per^(A^)>o. Now, by lemma [6T8l the functor $ is fully faithful and so 

Homp(eop)op ($(X), $(P)) ^ Homp„.^(^) (X, P) . 

Since X belongs to V^o and P belongs to per^(A^)>o, we conclude that 

Hompor^(A4)(^,-P) =0, 

which implies that $(X) G V{B°P)'^f^. Let us now consider X in V. We have the truncation triangle 

T^qX X ^ TyoX St^oX . 

The functor $ is triangulated and so we have the triangle 

<Pt^oX X ^ $r>oX ^ S<pT^aX , 

where ^t<^o^ belongs to 'D{B°p)°J'q. Since $ induces an equivalence between per_A^(A^) and per(i3°P)°P 
and }iom{P,TyoX) = 0, for all P in V^o, we conclude that $r>o^ belongs to V{B°p)'^q. This imphes 
the lemma. □ 

Definition 6.18. Let V{B°p)°/ denote the full triangulated subcategory of V{B°p)°p formed by the 
objects Y such that T^_„r is in per(fi°P)°P, for aU n e Z, and R{Y) belongs to per(Al°^)''^- 
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Proposition 6.19. An object Y ofViB^PyP lies in the essential image of the functor G : H'' (M) /H'' (V) 
V{B°P)°P iff it belongs to V{B°p)J . 

Proof. Let X be in li}'{M)/'H}'(r). It is clear that the t^_„G(X) are in per(S°P)°P for aU n e Z. By 
proposition 16 . 1 II we know that L'^T{X) belongs to per(Al). By lemma |6^ and remark [6.12l we conclude 
that RG{X) belongs to per(Al''P)°P. Let now Y be in V[B"p)J . We can express it, by the dual of 
lemma 16.301 as the homotopy limit of the following diagram 

■ ■■ T^-n-lY T^-nY T^-n+lY ^ • ■ ■ , 

where r^_„y belongs to pei{B°P)°P , for all n G Z. But since $ induces an equivalence between peTj^{M) 
and per{B°P)°P, this last diagram corresponds to a diagram 



ri+l 



in per_yy^(A^). Let p G Z. The relations among the truncation functors imply that the image of the above 
diagram under each homology functor H^, p G Z, is stationary as n goes to +oo. This implies that 

H^" holim Af_„ ^ lim Af_„ ^ RP Af, , 

n n 

for all j < p. We have the following commutative diagram 

holim Af_„ ^ holim T>_i M-n — M-i 



T-^^i holim M-n 

n 

which implies that 

T^_i holim Af_„ M-i , 

for all I G Z. Since holim Af_„ belongs to V, lemma 1^771 allows us to conclude that $(holimAf_„) = Y. 

n n 

We now show that holim Af-n satisfies the conditions of proposition l6.11l We know that T^_i holim A/_„ 

n ^ n 

belongs to per^(7\/(), for all i G Z. By lemma [6T9l (T o L)(holim Af_„) identifies with RiY), which is in 

n 

per(A4°^)°^. Since holim Af_„ belongs to V, its homologies lie in mod Al and so we are in the conditions 

n 

of lemma ISTTTl which implies that L(hohmAf_„) belongs to per^(A^). This finishes the proof. □ 

n 

6.5 Alternative description 

In this section, we present another characterization of the image of G, which was identified as T>{B°p)Y 
in proposition l6.19l Let M denote an object of A4 and also the naturally associated complex in 'H''{A4). 
Since the category Ti}'{M)/H}'{V) is generated by the objects A/ G and the functor G is fully faithful, 
we remark that T>{B°P)y equals the triangulated subcategory ofT>{B°P)°P generated by the objects G{M), 
M G Ai. The rest of this section is concerned with the problem of characterizing the objects G{M), 
M & M. We denote by Pm the projective Al-module M{7, M) associated with M ^ M. and by Xm the 
image of M under 5" o T. 

Lemma 6.20. We have the following isomorphism 

Homp^(_^)(XM,y) ^ Hom„,odM(^M,HO(r)), 

for allY e VJ^{M). 
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Proof. Clearly Xm belongs to 'Dm_{M)^o and is of the form 

where P„ G 7^, n ^ 0. Now Yoneda's lemma and the fact that H™(F)(P„) = 0, for all to G Z, n ^ 0, 
imply the lemma. □ 

Remark 6.21. Since the fmictor $ restricted to V is fully faithful and exact, we have 

Homp(eop)op(G(M),$(r)) ^ Homper(i3op)„p($(PAf),H°($(r))), 

for aU Y eV. 

We now characterize the objects G{M) = ^(Xm), M E Ai, in the triangulated category V{B°p). 
More precisely, we give a description of the functor 

Rm ■■= Homi,(B„p)(?,$(XM)) : ^ Modfc 

using an idea of M. Van den Bcrgh, cf. lemma 2.13 of |CKN01| . Consider the following functor 

Fm ■■= Homper(6-)(H°(?),$(PM)) : per(B°P)°^' ^ modfc. 

Remark 6.22. Remark 16.211 shows that the functor Rm when restricted to per{B°^) coincides with Fm- 
Let DFm be the composition of Fm with the duality functor D = Hom(?,A:). Note that DF]\j is 
homological. 

Lemma 6.23. We have the following isomorphism of functors on per(S°^) 

DFm ^ Homp(eop)($(XM),?M+ 1]) • 
Proof. The following functors are canonically isomorphic to _DF$ : 

i5Homp„.(8op)(H°$(?),$(FM)) 

i?Homper(Bop) (<i>HO(?), (6.6) 

i^Homp„.^(^)(PM,H°(?)) (6.7) 

Dilom^^^j^^iXM,7) (6.8) 

Hom^^(^)(?[-d-l],XM) (6.9) 

Homi,(sop)op($(?)[-d- 1],$(Xm)) (6.10) 

Homp(sop)op($(XM),$(?)M+l]) (6.11) 



Step (6.1) follows from the fact that <i> is exact. Step (6.2) follows from the fact that $ is fully faithful 
and we are considering the opposite category. Step (6.3) is a consequence of lemma 16.201 Step (6.4) 
follows from the (d + l)-Calabi-Yau property and remark 16.61 Step (6.5) is a consequence of $ being 
fully faithful and step (6.6) is a consequence of working in the opposite category. Since the functor <i>°P 
establish an equivalence between per^(A^)°P and per{B°P) the lemma is proven. □ 

Now, since the category Mod/c is cocomplete, we can consider the left Kan extension, cf. |ML98| . Em 
of DFm along the inclusion per(S°^) > 'D{B°p). We have the following commutative square : 

per(e°P) — ^ modfc 



P(S°P) ---^Mod/fc. 



6.6. The main theorem 
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For each X of T>{B°p), the comma-category of morphisms P ^ X from a perfect object P to X is filtered. 
Therefore, the functor Em is homological. Moreover, it preserves coproducts and so DEm is cohomo- 
logical and transforms coproducts into products. Since 'D{B°p) is a compactly generated triangulated 
category, the Brown representability theorem, cf. |Nee01b| . implies that there is a Zm £ T>{B°p) such 
that 

DEm ^ Hom-p(gop)(?, Zm) ■ 

Remark 6.24. Since the duality functor D establishes and anti-equivalence in modfc, the functor DEm 
restricted to per{B°P) is isomorphic to Fm- 

Theorem 6.25. We have an isomorphism 

G{M) ^ Zm . 

Proof. We now construct a morphism of functors from Rm to DEm- Since Rm is representable, by 
Yoneda's lemma it is enough to construct an element in DEm{^{Xm))- Let C be the category pei{B°P) | 
^{Xm), whose objects are the morphisms Y' — > ^{Xm) and let C be the category Xm i per^(A^), 
whose objects are the morphisms Xm — > X' . The following are canonically isomorphic : 

DEm{HXm)) 

£>colimHomp(Hop)($(XAf),r'[d+ 1]) (6.12) 

DcolimHomp-^(^)(X'[-rf- 1],Xm) (6.13) 

DcolimHom^- ,j^MT^^,XM)[-d - 1], Xm) (6.14) 
limDHom^-^(^j((r^_iXM)[-d - 1],Xm) 

\\u\YiouY^-^^j^^{XM,T^-iXM) (6.15) 

Step (6.7) is a consequence of the definition of the left Kan extension and lemma [^.23l Step (6.8) is ob- 
tained by considering the opposite category. Step (6.9) follows from the fact that the system {T-^^iXM)i£Z 
forms a cofinal system for the index system of the colimit. Step (6.10) follows from the {d+ 1)-Calabi-Yau 
property. Now, the image of the identity by the canonical morphism 

Hom^-^(^)(XAf,XM) > limHomp-^(^)(XM,T^-j-'^M) , 

gives us an element of {DEm){^{Xm)) and so a morphism of hmctors from Rm to DEm- We remark 
that this morphism is an isomorphism when evaluated at the objects of per(;B°^). Since both functors Rm 
and DEm are cohomological, transform coproducts into products and 'D{B°p) is compactly generated, 
we conclude that we have an isomorphism 

G(M) ^ Zm - 

□ 

6.6 The main theorem 

Consider the following commutative square as in section [6.21 

^£ 



r ^ = C. 
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In the previous sections we have constructed, from the above data, a dg category B and a left aisle 
U C H°(6), see |KV88| . satisfying the following conditions : 

- i3 is an exact dg category over k such that H°(Z?) has finite-dimensional Hom-spaces and is Calabi- 
Yau of CY-dimension d + I, 

- U C H°(B) is a non-degenerate left aisle such that : 

- for all B E B, there is an integer N such that HomHO(g)(i?, S^U) — for each U €U, 

- the heart H of the t-structurc on }i'^{B) associated with U has enough projectives. 

Let now ^ be a dg category and W C H°(^) a left aisle satisfying the above conditions. We can 
consider the following general construction : Let Q denote the category of projectives of the heart 7i of 
the t-structure on H°(^) associated with W. We claim that the following inclusion 

Q^H'^ H°(y4) , 

lifts to a morphism Q ^ ^ in the homotopy category of small dg categories Heq. Indeed, recall the 
following argument from section 7 of [Kel94 : Let Q be the full dg subcategory of A whose objects are 
the same as those of Q. Let r^oQ denote the dg category obtained from Q by applying the truncation 
functor r<jo of complexes to each Hom-space. We have he following diagram in the category of small dg 
categories 

^A 

T^oQ 

Let X, Y be objects of Q. Since X and Y belong to the heart of a t-structure in Il"(^), we have 

HomHO(^)(X,Y[-n]) -0, 
for n ^ 1. The dg category A is exact, which implies that 

H-"Hom^(X,y) ^ Romao (A){X,Y[-n]) = 0, 

for n > 1. This shows that the dg functor t^qQ 11° (Q) is a quasi-equivalence and so we have 

a morphism Q ^ ,4 in the homotopy category of small dg categories. We have a triangle functor 
j* : 'D{A) — > Z^(Q) given by restriction. By proposition 16. 281 the left aisle W C Il"(yl) admits a smallest 
extension to a left aisle V{A°Pf^^ on V{A°p)°p. Let V{A°Pff denote the full triangulated subcategory 
of V{A°P)°P formed by the objects Y such that t^_„Y is in per(^°P)°P, for aU n G Z, and j*{Y) belongs 
to per(Q°P)°P. 

Definition 6.26. The stable category of A with respect to W is the triangle quotient 

stah{A, W) = )°P/per(y^°P)°P . 

We are now able to formulate the main theorem. Let B be the dg category and U C 11° (6) the left 
aisle constructed in sections 1 to 5. 



6.7. Appendix: extension of t-structures 
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Theorem 6.27. The functor G induces an equivalence of categories 

G:C^ stab(B,W) . 
Proof. We have the foUowing commutative diagram : 

C ^ ^sish{BM) 

H\M)/n\P) i V{B"P)T 

'HtaciM) ^ per(B°P)°P . 

The functor G is an equivalence since it is fuUy faithful by proposition 16.21 and essentially surjective 
by proposition 16.191 Since we have an equivalence 'H^s-aci^) ~^ per(S°^)°P by construction of B and 
the columns of the above diagram are short exact sequences of triangulated categories, the theorem is 
proved. □ 



6.7 Appendix: extension of t-structures 

Let T be a compactly generated triangulated category with suspension functor S. We denote by Tc the 
full triangulated sub-category of T formed by the compact objects, see (Nee01b| . We use the terminology 
of . Let W C 7^ be a left aisle on 7^, i.e. a full additive subcategory U oiTc which satisfies: 

a) SU C U, 

b) U is stable under extensions, i.e. for each triangle 

X ^ Z SX 
oi Tc, we have Y ^ U whenever X, Z ^ U and 

c) the inclusion functor W > 7^ admits a right adjoint. 

As shown in [KV88| . the concept of aisle is equivalent to that of ^-structure. 

Proposition 6.28. a) The left aisle lA admits a smallest extension to a left aisle on T . 

h) IfU C Tc is non- degenerate (i.e., f : X Y is invertible iffiV{f) is invertible for all p E 1) and 
for each X £ T, there is an integer N such that Hom(X, S^U) = for each U E U, then T^q is 
also non- degenerate. 

Proof, a) Let 7^o be the smallest full subcategory of T that contains U and is stable under infinite sums 
and extensions. It is clear that T^o is stable by S since U is. We need to show that the inclusion functor 
7^0 ^ T admits a right adjoint. For completeness, we include the following proof, which is a variant 
of the 'small object argument', cf. also |AT JLSS03] . We have the following recursive procedure. Let 
X = Xq be an object in T. For the initial step consider all morphisms from any object P in U to Xq. 
This forms a set Iq since T is compactly generated and so we have the following triangle 

fei„ ^ 1 feio 
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For the induction step consider the above construction with Xn, n ^ 1, in the place of Xn-i and /„ 
in the place of In~i- We have the following diagram 



X^Xo 



UP 

feio 



Xi 



■X, 



■X. 



X' 



UP 

fell 



UP 

/e/2 



UP 

feh 



where X' denotes the homotopy colimit of the diagram {Xi)i^z- Consider now the following triangle 

S^^X' X" X X' , 

where the morphism X —>■ X' is the transfinite composition in our diagram. Let P be in U. We 
remark that since P is compact, Hom7-(P, X') = 0. This also implies, by construction of T^q, that 
Hom7-(_R, X') — 0, for all R in T^q. The long exact sequence obtained by applying the functor Hom7-(i?, ?) 
to the triangle above shows that 

Hom(i?, X") Hom(i?, X) . 
Let Xll_j^, n ^ 1, be an object as in the following triangle 

X — Xq Xn ^"-1 ^ ■ 

A recursive application of the octahedron axiom implies that X!^_^ belongs to S{T-^a), for all n ^ 1. We 
have the isomorphism 

hocolimX"_i ^ S{X"). 

n 

Since hocolimX"_]^ belongs to 5(7^o), we conclude that X" belongs to T^o- This shows that the functor 

that sends X to X" is the right adjoint of the inclusion functor T^p ^ This proves that T^q is a left 
aisle on T. We now show that the t-structure associated to T^o, cf. |KV88| . extends, from % to T, the 
one associated with U. Let X be in We have the following truncation triangle associated with U 

Xu X ^ X^ SXii . 

Clearly Xu belongs to 7^o- We remark that = T<^, and so X'^ belongs to 7^o ■= ^<jb- 

We now show that 7^o is the smallest extension of the left aisle U. Let V be an aisle containing U. 
The inclusion functor V ^ T commutes with sums, because it admits a right adjoint. Since V is stable 
under extensions and suspensions, it contains T^o- 

b) Let X be in T. We need to show that X = iff W{X) = for all p £ Z. Clearly the condition 
is necessary. For the converse, suppose that W{X) = for all p G Z. Let n be an integer. Consider the 
following truncation triangle 

H"+i(X) T>„X ^ r>„+iX ^ SR"+\X) . 
Since H"+i(X) = we conclude that 

r>„X G Pi T>m , 

for all n G Z. Now, let C be a compact object of T. We know that there is a fc G Z such that C G X^k- 
This implies that 

HomT(C,T>„X) = 
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for all n G Z, since t>„X belongs to (7^^)^. The category T is compactly generated and so we conclude 
that TynX — 0, for all rt G Z. The following truncation triangle 

T^nX X ^ TynX S't^„X , 

implies that t^„X is isomorphic to X for all n G Z. This can be rephrased as saying that 

Now by our hypothesis there is an integer N such that 

Homr(C,Z^<j_w) =0. 
Since C is compact and by construction of T^-^r, we have 

Homr(C,r<;_Ar) ==0. 

This implies that Homr(C, X) — 0, for all compact objects C of T. Since T is compactly generated, we 
conclude that X = 0. This proves the converse. □ 

Lemma 6.29. Let (Yp)p^z be in T. We have the following isomorphism 

H" (!!>;) ^ II H"(rp), 
p p 

for all n G Z. 

Proof. By definition H" := T^n'T^n ,n £ Z,. Since t^„ admits a right adjoint, it is enough to show that 
T^„ commute with infinite sums. We consider the following triangle 

II ^^"^P ^ II ^ II ^>nYp 5(11 ^^"^P) • 

p p p p 

Here ]J r^nYp belongs to since 7^„ is stable under infinite sums. Let P be an object of S^U. Since 

p 

P is compact, we have 

Homr(P, II T>„yp) ^ II Homr(F, r>„rp) = . 
p p 

Since 7^„ is generated by S"U, ]J T^nYp belongs to 7^„. Since the truncation triangle of ]J 1^ is unique, 

i p 

this implies the following isomorphism 

IIr^„rp^r^„(IIi-). 

p p 

This proves the lemma. □ 

Proposition 6.30. Let X be an object of T . Suppose that we are in the conditions of vrovosition lU. 28\ 
b). We have the following isomorphism 

hocolimr^ jX X . 
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Proof. We need only show that 

H"(hocolimr55,X) ^ H"(X) , 

i 

for all n G Z. We have the following triangle, cf. [Nee01b| . 

II ^^pX ^ II r^qX ^ hocolimr^.X ^ 5(11 ^^P^) • 

Since the functor H" is homological, for all n 6 Z and it commutes with infinite sums by lemma [5.291 we 
obtain a long exact sequence 

^ IlH"(r^P^) ^ IlH"(r^,X) ^ H" (hocolimr^.X) ^ 

p q 

^ II H" S{T^pX) ^ ]\ H" 5(r^gX) • • • 
p q 

We remark that the morphism ]JH" S{T^pX) IJH" S{T^qX) is a split monomorphism and so we 
obtain 

H"(X) = colimH"(T^,X) H" (hocolimT^,X) . 

i i 

□ 



Appendix A 

Drinfeld's DG quotient 



In this appendix, we give a simple and purely homotopic proof of the main result proved by Drinfeld in 
[Dri04j ■ Our proof is based only on the Quillen model structure on dgcat of theorem ll.81 
Recall that the functor 

H°(-) : dgcat cat, 

where cat denotes the category of small categories, descends to the localized categories 

H°(-) : Heq ^ Ho(cat) , 

where Heq denotes the localization of dgcat by the quasi-equivalences and Ho(cat) the localization of cat 
by the equivalences of categories. 

Let ^ be a small dg category and Af a set of objects in A. 

Definition A.l. A morphism Q : A ^ B in Heq annihilates N if the induced morphism in Ho(cat) 

H°(Q) : HO(^) ^ HO(fi) 

takes all objects of M to zero objects (i.e. objects whose identity vanishes in H*'(i3)). 

Remark A. 2. 

- Notice that the morphism H"((5) in Ho(cat) corresponds to a functor in cat up to natural isomorphism. 

- Observe also that if J\f equals the set of objects of A there exists at most one morphism Q : A ^ B \\i 
Heq which annihilates A. We denote it by 0. 

In section 3 of [Dri04j, Drinfeld made the following construction: let 

A—:7^A 

be a fc-homotopically flat resolution of A (for example, we could take a cofibrant resolution of A) and 
consider the dg category A/N obtained from A by introducing a new morphism hx of degree —1 for 
every object X whose image under tt is homotopically equivalent to an object of A/" and by imposing the 
relation dihx) — Ix- 

We have the following diagram in dgcat 

^^^A/N 
A 

which gives rise to a morphism Q : A ^ A/N va Heq. 
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Theorem A. 3 f |Dri04j ). The morph ism Q annihilates J\f and is universal in Heq among the morphisms 
annihilating J\f. 

We now present a simple and homotopic proof of this theorem, where the homotopic notations used 
are those of chapter 1. 



Proof. Let 



A- 



■A 



be a cofibrant resolution of A and let M be the fuU dg subcategory of A whose objects are those whose 
image under tt is homotopically equivalent to an object of Af. 

Recall from chapter 1 that C(0) denotes the dg category with two objects 8 and 9 such that 
Homc(Q)(8,8) = k, Homc(o)(9, 9) = k, Homc(o)(9, 8) = 0, Homc(o)(8, 9) = and whose composition is 
given by multiplication. Recall also that V{0) denotes the dg category with two objects 6 and 7 such 
that Homc(o) (6, 6) — k, Homc(o) (7, 7) = k, Homc(o) (7, 6) — 0, Homc(o) (6, 7) = D'-^ and whose composition 
is given by multiplication. We have a dg functor 

S{0) : C(0) ^ P{0) , 

that sends 8 to 6, 9 to 7 and to D'^ by the identity on k in degree —1. 
Now consider the following push-out 



u m 



A 



■A/N, 



U ^(0) _ 

where the uppper horizontal dg functor corresponds to specifying all the identities of the objects in TV. 
This shows that A/N is still a cofibrant dg category. Notice that the dg functor i induces a surjective 
map 

Homdgcat(^/A/', B) {F e Homdgcat(A B)\ F{X) contractible, \JX eM}. 

Since every object in dgcat is fibrant, we can calculate the morphisms in Heq to B using the good path 
object P{B) from definition 14. II Observe that by definition of the path object P{B), the set 

{F e Homdgcat(A^)l contractible, VX e JV} 



is stable under homotopies. 

Clearly the map i* induces a surjective one 

Homne^{A/JV,B) ~ Homdg,,t{A/JV,B)/htp — 



^{F e Homdgcat(^, B)\ F{X) contractible, VX e N}/htp . 

We will now prove that the map i* is also injective. Let F and G be dg functors from A/JV to B such 
that F o i and G o i are homotopic. We have the following commutative diagram 
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in dgcat. Observe that an extension of the homotopy H from A to A/Af corresponds exactly to specifying 

a contraction for each object H[X) — A ^ B oi P{B), where X belongs to A/". 

Recah from lemma 14.31 that a contraction of A ^ i? in P{B) corresponds to morphisms ca G 
Homg^(A, A), cb G Hom^^{B,B) and h G Homg^(A, S) which satisfy d{cA) = 1a, d{cB) = Is and 
d{h) ^ CB o f + f o CA- 

By definition of A/M, the dg functors F and G give us already the contractions ca and cb- For h it 
is enough to take 

h ^ CB o f o CA- 

This shows us that the dg functors F and G were already homotopic and so the theorem is proven. □ 

In fact, in [Dri04| . Drinfcld has proved a refined (— 2-universal) property of his dg quotient construc- 
tion. 

Theorem A. 4 ( [Dri04| ) . The morphism Q : A ^ A/Af in Heq induces an equivalence of categories 

rep{A/JV) ^ repj^{A,B), 

where repjy-(^,;B) denotes the full subcategory of quasi-functors whose associated functors H*'(^) H^{B) 
annihilate TV. 

Remark A. 5. Notice that since we have a bijection, see |Toe07j 

HomHeq(A^) ^ \so{rep{A,B)), 

where iso denotes the set of isomorphism classes, theorem IA.4I implies theorem lA. 31 
We now prove that theorem IA.3I also implies theorem IA.4I 

Theorem A. 6. The morphism Q : A ^ A/Af in Heq induces an isomorphism 

rep,^(^/AA,S)^rep,g,^(A^) 

in Heq. 

The proof of the theorem is based on the following proposition. 

Let F : C ^ T> he a. morphism in Heq. We denote by K{F) ^ C the full dg subcategory of C whose 
objects are those which are sent to contractible objects by F. We denote by 

Ker(F) : Heq Set 

the functor which, to a dg category £, associates the set 

{Ge HomHeq(f,^)|FoG = 0}. 

Proposition A. 7. The functor Ker(_F) is corepresented by the dg category K{F). 

Proof- Consider the following diagram in dgcat 

K{F)^ Ac^B, 

where Ac is a cofibrant resolution of A and F a representative of the morphism F . Let f be a small dg 
category and £c a cofibrant resolution. 
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Notice that we have a bijective map 

Homdgcat(fc,i^(-F)) ^ {Pe Homdgcat(fc,A)|FoP = 0} 
which induces a surjective one 

HomHe^iSc, K{F)) ~ Homdsc^t{£,K{F))/htp^{PeHomd^,,t{£c,Ac)\FoP^O}/htp. 

We now show that i, is also injective. Let S and R be dg functors from £c to K{F) such that io S and 
i o R are homotopic. We have the following commutative diagram 



ioS 



£c P{Ac) 



Po 



ioR 



Ac 



in dgcat. Now, notice that the dg fimctor H factors through 

P{KiF)) P{Ac) 
and so gives us a homotopy between S and R. This proves the proposition. 

Let us now prove theorem lA. 61 
Proof. Apply the functor 



□ 



to the short exact sequence 



and obtain 



rep,,(?,i?):Heq°^'-^Heq 



Af^A^ A/N 



We now show that the dg category rep^g{A/Af,B) corepresents the functor Ker(i*) in Heq, see proposi- 
tion [XT] 

Since i* o Q* is zero it is enough to prove the following: let P be a small dg category and consider 
the diagram 

Q* 



rep,JA/f^, B) rep,,(^, B) rep.JA/", B) 




where F is a morphism in Heq such that i* o F = Q. Notice that we have at our disposal a short exact 
sequence 

v®n'^v®a''Mv®ain 
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in Heq. Since rep^g(— , — ) is the internal Hom-functor in Heq, see |Toe07) , we obtain by adjunction the 
following diagram 



V(E)N' ^ V(g)A ^ T> ® A/JV 




where i^'' is the morphism associated to F by adjunction and G is the unique morphism induced by F\ 
see theorem lA. 31 By adjunction this implies that there is a unique 

e HomHeq(P,reprfg(^/AA,S)), 
such that Q* o ^ F. Now by proposition IA.7[ we have an induced isomorphism 

rep,g(^/A/-,B)^rep,g,^(AB) 
in Heq. This proves the theorem. □ 
Remark A. 8. Since we have an equivalence of categories 

H%rep,^{A/M,B)) ^ repiA/M,B) , 

theorem IA.3I implies theorem IA.4I 
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